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Abstract19

The overlap gap property (OGP) is a statement about the geometry of near-optimal solutions.20

Exhibiting OGP implies failure of a class of local algorithms; and has been observed to coincide21

with conjectured algorithmic limits in problems with statistical computational gap.22

We consider the Stochastic Block Model (SBM), where the graph has a planted partition with k23

equal-size blocks which form the ‘communities’, and where, for parameters p > q, vertices within the24

same community connect with probability p, while vertices in different communities connect with25

probability q, independently across pairs of vertices. Modularity–based clustering algorithms have26

become ubiquitous in applications. This article studies theoretical limits of local algorithms based27

on the modularity score on the SBM.28

We establish that modularity exhibits OGP on the SBM. This rules out a class of local algorithms29

based on modularity for recovery in the SBM, and shows slow mixing time for a related Markov30

Chain. Theoretically this is one of the few instances where OGP has been established for a ‘planted’31

model, as most such analyses to date consider the ‘null’ model.32

As part of our analysis, we extend a result by Bickel and Chen 2009, who established that33

with high probability, the modularity optimal partition of SBM is o(n) local moves away from the34

planted partition, where n is the graph size. We show that, with high probability, any partition35

with modularity score sufficiently near the optimal value is close to the planted partition.36
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1 Introduction59

Modularity maximisation [27, 28] is one of the main methods used for finding clusters and60

communities in networks. Modularity maximisation is NP-hard [8]; in practice, modularity61

has a complex landscape, and there are many high scoring solutions [18]. On the other hand,62

one major advantage of modularity is that its local updates are easy to compute. Naturally,63

local updates form the initial phase in the go-to algorithms for modularity maximisation:64

the Louvain algorithm [6] and its improved version, the Leiden algorithm [33]. However, as65

already observed in [6], algorithms based on local updates get trapped in a local maximum.66

To avoid this, both Louvain and Leiden include an additional non-local phase. An alternative67

approach, proposed by Wang and Kolter [34] via the Locale algorithm, escapes local maxima68

by replacing the local update with low-cardinality embedding.69

Given the abundance of applications of modularity maximisation and Louvain and Leiden70

algorithms, theoretical understanding of modularity–based algorithms is surprisingly scarce.71

Cohen-Addad et al. [10] proved that in the Stochastic Block Model (SBM) with sufficient72

signal and two equal-sized blocks, a local algorithm, very similar to the local phase of Louvain,73

initiated on a random bisection, recovers the correct partition with high probability. See74

Section 6 for further discussion including how this relates to our result.75

The question remains whether local updates lead to a global optimum in this random76

model with more than two communities or different initialisation. In this work, we answer77

this question negatively. Specifically, we establish that in SBM with k ≥ 3 blocks, modularity78

exhibits the overlap gap property (OGP). The OGP is a statement of the geometry of near-79

optimal solutions and is considered a signature of algorithmic hardness—see Definition 2.1.80

Indeed, for many problems known to exhibit a computational-statistical gap, the threshold81

for OGP coincides with the conjectured algorithmic threshold [15, 16]. The idea has origins82

in statistical physics, and can be used to prove failure of greedy and Markov Chain Monte83

Carlo algorithms in average case problems. We show OGP in a planted random model as84

in [17, 14], though the theory is usually applied to optimisation problems in null models [15].85

The practical implication of this result is that in networks with more than two communities,86

the local updates of Louvain or Leiden can get stuck in a local maximum even for a random87

graph model with clear communities. The same holds for other algorithms based on local88
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updates. For example, Gösgens et al. [19] offer a new interpretation of modularity as89

an angular distance in a high-dimensional hypersphere, thus establishing equivalence of90

modularity maximisation and nearest-neighbour search. Then, OGP implies that greedy91

algorithms for nearest-neighbour search may return a local rather than the global maximum.92

Furthermore, using the OGP we prove that a natural generalisation of the greedy algorithm,93

namely the Markov Chain Monte Carlo algorithm, mixes exponentially slowly, and, in94

particular, takes an exponential time to reach partitions close to the planted partition with95

high probability.96

While there are few theoretical results for modularity–based algorithms, there are positive97

results for recovering ground truth partitions using local-updates based on modularity in98

the SBM. As mentioned earlier, Cohen-Addad et al. [10] showed that for the SBM with99

sufficient signal and two equal-sized blocks, a local algorithm recovers the communities with100

high probability. This was further extended to general k by giving an algorithm with parallel101

local updates based on the modularity function [11]. For more details and a discussion of102

how these relate to our OGP results, see Section 6.103

More is known about the behaviour of modularity on random models; we briefly review104

this for context. Considering first random graph models without planted structure, the105

main results focus on the setting of growing average degree d̄ for the random d-regular106

graph [23, 24, 29] and the Erdős-Rényi random graph [25, 30], which are likely to have107

modularity of the order 1/
√

d̄. For the Preferential Attachment (PA) model [2], very recently,108

this same behaviour was established up to log factors [31]. For models with planted structure,109

break-through results were given for the SBM by Bickel and Chen [4] showing that the110

modularity-optimal partition is close to the planted partition. These were extended to111

the degree-corrected SBM in [35]. See Theorem 2.4 for details. Finally, the modularity in112

the Artificial Benchmark for Community Detection (ABCD) model, a model similar to the113

well-known LFR model [21] used by practitioners, was studied in [20].114

2 Results115

2.1 Definitions116

Let G = (V, E) be a graph with m = |E| ≥ 1 edges and n = |V | ≥ 1 nodes. For a partition117

A of the vertices of G, the modularity score of A on G is defined as118

qA(G) = 1
2m

∑
A∈A

∑
u,v∈A

(
1{uv∈E} − dudv

2m

)
=

∑
A∈A

e(A)
m

−
∑
A∈A

(
vol(A)
vol(V )

)2
, (1)119

where du denotes the degree of node u, e(A) denotes the number of edges within A ⊆ V and120

vol(A) =
∑

v∈A dv denotes the (degree) volume of the set A. The modularity of a graph G is121

defined as q⋆(G) = maxA qA(G), where the maximum is taken over all partitions A of the122

nodes of G. It will be useful to express modularity as the difference of the edge-contribution123

or coverage qE
A and the degree-tax qD

A of the partition A, defined as124

qE
A(G) =

∑
A∈A

e(A)/m and qD
A (G) =

∑
A∈A

vol(A)2/vol(G)2. (2)125

The modularity score, introduced by Newman and Girvan in [28], is a quality function of126

many popular community detection algorithms such as Louvain [6] or Leiden [33]. Indeed,127

the modularity score favours partitions of the set of nodes of a graph G in which a large128

proportion of the edges fall entirely within the partition, but benchmarks it against the129

ICALP 2026



32:4 The stochastic block model has the overlap graph property for modularity

Figure 1 The figure shows the planted partition P (left) and a ‘decoy’ partition D (right) for the
SBM which has a planted partition of four equal-size parts. The partitions are denoted by showing
the adjacency matrix of G and colouring cell u, v with colour i if nodes u, v are placed together in
part / community i in the partition. A ‘decoy’ partition D is the one in which two of the planted
blocks are clustered together in the same part, and each of the remaining planted blocks form their
own part.

expected number of edges one would see in the same partition in a corresponding Chung-Lu130

random graph model [9] with expected degree sequence taken to be identical to the degree131

sequence of the observed graph G.132

Fix k ≥ 2 denoting the number of communities. We now formally define the stochastic133

block model (SBM) which will be the focus of this paper. This model is also called the134

planted partition model. The set of nodes [n] = {1, . . . , n} is partitioned into k communities135

P1, . . . , Pk of as equal sizes as possible; that is, ⌊n/k⌋ ≤ |Pi| ≤ ⌈n/k⌉ for all i ∈ [k]. For136

simplicity, often we will assume that n is divisible by k, but our main result is stated and137

holds without this restriction. We will refer to this planted partition (Pi)k
i=1 as P. The138

probability of observing an edge between two nodes of the same community is equal to p;139

otherwise, it is equal to q. We will use the notation G ∈ G(n, k, p, q) whenever a random140

graph G is generated with this probability distribution.141

Results in the paper are in the large network limit n → ∞. In particular, we will assume142

that both p = p(n) and q = q(n) are functions of n, and n is large enough for certain143

statements to be true. On the other hand, the parameter k ≥ 2 is an arbitrary but fixed144

integer. We emphasise that the notations o(·) and O(·) refer to functions of n, not necessarily145

positive, whose growth vanishes, respectively, is bounded.146

We will establish that modularity exhibits OGP in the SBM. To prove this, we will obtain147

a more detailed result that characterises the maximum modularity of any partition with given148

distance to the planted partition. We define the distance as the classification error—see, for149

example, (4.25) in [1]; in case of two communities, this distance is equal to the ‘imbalance’150

in [10]. Define the distance between a k-part partition A = (Ai)k
i=1 and the planted partition151

P = (Pi)k
i=1 in SBM as152

d(A, P) = 1 − 1
n

max
σ

k∑
i=1

|Aσ(i) ∩ Pi|, (3)153

where the maximum is taken over all permutations σ : [k] → [k] of [k] = {1, . . . , k} that154

govern how parts of A are aligned with the ones of P. Note that this d(A, P) has a natural155

interpretation: it is the minimum proportion of nodes that need to be re-shuffled to transform156

the candidate partition A into the ground truth or planted partition P. Indeed, for a given157

permutation σ, one can keep nodes in Aσ(i) ∩ Pi where they are and move other nodes to158

the appropriate parts.159

Now that we have a notion of distance between partitions, we may formally define the160

overlap gap property (OGP). The definition of the OGP pertains to a particular instance Gn161

of a distribution over graphs Gn.162
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▶ Definition 2.1 (Overlap gap property – planted model). For a graph Gn with planted163

partition P, the optimisation problem maxA qA(Gn) exhibits OGP with values µ > 0 and164

0 ≤ ν1 < ν2 if the following holds: For any partition B for which qB(Gn) ≥ q⋆(Gn) − µ, it165

holds that either d(B, P) ≤ ν1, or that d(B, P) ≥ ν2. Furthermore, d(B′, P) ≥ ν2 does indeed166

occur for some partition B′ with qB′(Gn) ≥ q⋆(Gn) − µ.167

2.2 Modularity exhibits OGP168

Theorem 2.2 below states that the modularity score exhibits OGP on the SBM, provided169

that the number of communities, k, is at least 3:170

▶ Theorem 2.2 (Modularity has OGP). Fix real numbers a > b > 0, and integer k ≥ 3.171

For any ν ∈
(

1
2(k−1) , 1

k

)
and ε > 0, there exist µ = µ(ν) and c = c(ε) such that the following172

holds for n large enough.173

Let p = p(n) = ω a/n and q = q(n) = ω b/n be such that ω > c, and let G ∈ G(n, k, p, q)174

with planted partition P. Then with probability at least 1 − ε, for every k-part partition A175

with176

qA(G) ≥ a − b

a + (k − 1)b

(
1 − 1

k
− 2

k2

)
− µ, (4)177

either d(A, P) ≤ 1
2(k−1) or d(A, P) ≥ ν. Moreover, there are partitions A satisfying the178

latter.179

Intuition. Consider a ‘decoy’ partition D in which two of the planted blocks are clustered180

together in the same part, and each of the remaining planted blocks forms its own part.181

(There are
(

k
2
)

such decoy partitions by symmetry.) We call D a ‘decoy’ partition since it182

has a ‘misleadingly’ high modularity score given its distance to the planted partition P; see183

Figure 1. (We emphasise that the decoy D is an alternate partition of the nodes rather than184

an alternate random graph model to generate the graph.)185

Given the decoy partition D, the parameters for OGP are set as follows. We set186

µ = q⋆(G) − qD(G) + η for some small η > 0. The idea is that partitions B with qB(G) ≥187

q⋆(G) − µ will include the decoy partition, those very ‘close to’ the decoy, as well as188

partitions somewhat ‘close to’ the planted (and modularity optimal) partition. Then we set189

ν2 = d(P, D) − δ = 1/k − δ for some small δ > 0 so that the decoy partition and those very190

close to it will fall within the second interval. Lastly, we need to set ν1. Notice that, for191

small distances from the planted partition, the modularity score of partitions decreases with192

distance, so we set ν1 to be some distance by which the likely modularity score has dipped193

below q⋆(G) − µ. This explains the intuition behind Theorem 2.2.194

As an implication of the OGP we show that a natural algorithm based on Markov Chain195

Monte Carlo (MCMC) updates takes exponential time to reach any proximity of the ground196

truth. We state our result informally, and defer the formal statement as well as the proof to197

Appendix B.198

▶ Theorem 2.3 (Informal). For every ζ > 0, there exists a large enough inverse temperature199

parameter β > 0, such that when the chain is initiated at distance at least 1/k from the200

ground truth, the time to reach a partition close to the ground truth is at least exp(Θ(n))201

with high probability.202

ICALP 2026
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2.3 Modularity as a predictor of the planted partition203

In a breakthrough result of Bickel and Chen [4], it was shown that in the regime of growing204

degree, the modularity optimal partition of the stochastic block model is within distance o(1)205

of the planted partition (see also [5]):206

▶ Theorem 2.4 ([4, 5]). Fix real numbers a > b > 0, integer k ≥ 2 and let ω = ω(n) → ∞ as207

n → ∞. Let p = ω a/n and q = ω b/n, and let G ∈ G(n, k, p, q) with the planted partition P.208

Then,209

d
(

arg max qA(G), P
)

= o(1).210

Since modularity-based clustering algorithms remain the most popular, despite known211

problems such as the resolution limit [13], it is reassuring that the modularity optimal212

partition is quite close to the ‘correct’ partition in the SBM, a natural simplified model of213

community structure.214

However, we would like to know more. In particular, what about partitions with nearly215

optimal modularity score? Are these partitions also close to the planted partition? Our216

Theorem 2.5 (along with some bounds on modularity scores for partitions at higher distances)217

implies that the answer is ‘yes’: if the partition has a score within a certain distance of the218

maximal modularity value, then the partition must be near the planted one; see the fulltodo 219

version of the paper for the proof.220

▶ Theorem 2.5 (Partitions with near-optimal modularity are close to the planted).221

Fix a > b > 0 and integer k ≥ 2. Let p = p(n) = ω a/n and q = q(n) = ω b/n. For any222

ε > 0 and δ < a−b
a+(k−1)b · 2

k2 , there exists c = c(ε) such that, if ω > c for n large enough, then223

the following holds with probability at least 1 − ε provided n is large enough.224

Let G ∈ G(n, k, p, q) with the planted partition P. Then, qA(G) > q⋆(G) − δ for some225

k-part partition A implies that d(A, P) < δ′ + ε, where δ′ = δ′(δ) ∈
(
0, 1

k(k−1)
)
.226

2.4 Modularity at distance at most 1/k227

The next theorem relates the maximum modularity of a partition to its distance from the228

planted partition, and is the main ingredient in the proof of Theorem 2.2. For any k ≥ 2,229

we approximate the maximum modularity value over all partitions of k ≥ 2 parts A at230

distance t/k (for some t ∈ [0, 1]) from the planted partition P.231

▶ Theorem 2.6 (Maximal modularity at distance at most 1/k). Fix a > b > 0. Let232

p = p(n) = ω a/n and q = q(n) = ω b/n. For any ε > 0, there exists c = c(ε) such that if233

ω > c then the following holds with probability at least 1 − ε provided n is large enough.234

Let G ∈ G(n, k, p, q) with the planted partition P. For any d ∈
[
0, 1

k

]
, let

H(d) = max
A:|A|≤k

{
qA(G) : d − 1√

n
≤ d(A, P) ≤ d + 1√

n

}
.

Then,235 ∣∣∣∣H(d) − a − b

a + (k − 1)b · h(d)
∣∣∣∣ ≤ ε, where h(d) = 1 − 1

k
− 2d

(
1 − d(k − 1)

)
.236

The random variable H(d) is defined as the maximal modularity over all k-part partitions237

with the distance from P in an interval d ± 1/
√

n. We keep the margins ±1/
√

n for the238

technical reason that there might not be any partition at distance exactly d (say, when239
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0 ν1 1
2(k−1)

ν2 1
k

h(0)

h( 1
k )

h(0) − µ

h(d)

d

Figure 2 A graph of the function h(d) for k = 4 and the relation to the OGP parameters µ, ν1

and ν2 – see the text following Theorem 2.6. The dashed grey lines indicate an ε-region above and
below h(d). By Theorem 2.6, any partition A at distance d is likely to have modularity at most
h(d) + ε. From this, we will be able to conclude that it will be likely that any partition A with
modularity at least h(0) − µ (i.e., above the red line) will be at a distance d ≤ ν1 or d ≥ ν2, thus
establishing the OGP with these parameters.

d = π/4k, since the distance is always a rational number). Theorem 2.6 establishes that240

H(d) is likely to be well approximated by the deterministic expression a−b
a+(k−1)b · h(d).241

Note that function d 7→ h(d) decreases on
[
0, 1

2(k−1)

]
and increases on

[
1

2(k−1) , 1
k

]
. As a242

result,243

h(0) = 1 − 1
k ,244

h(d) is decreasing on [0, 1
2(k−1) ] reaching h

(
1

2(k−1)

)
= 1 − 1

k − 1
2(k−1) ,245

h(d) is increasing on [ 1
2(k−1) , 1

k ] reaching h(1/k) = 1 − 1
k − 2

k2 .246

One can easily separate h(1/k) from its local minimum h( 1
2(k−1) ) by introducing a247

threshold µ in Theorem 2.2, say, µ = h(0) − h(ν) with ν ∈
(

1
2(k−1) , 1

k

)
. In Figure 2, we248

illustrate h(d) for d ∈ [0, 1
k ] and the interplay with the OGP parameters µ, ν1 and ν2.249

Below, we will show Theorem 2.2, i.e., that modularity has OGP in the SBM – assuming250

Theorem 2.6, where we recall that Theorem 2.6 characterises the maximum modularity score251

over partitions A at given distances d ∈ [0, 1
k ] from the planted partition P. We outline the252

proof of Theorem 2.6 in Sections 3–5, and give some further details Appendix C. We prove253

Theorem 2.2 using Theorem 2.6 in Appendix D.254

The asymptotic maximal modularity value in G(n, k, p, q) is known and also known to255

coincide with the modularity of the planted partition; we state it in Theorem 2.7 below for256

completeness. The result follows from Theorem 2.4 and was also given in [26] for slightly257

higher p, q. We note that (5) in Theorem 2.7 is a direct corollary of Theorem 2.6 as a special258

case when d = 0. Also (5) follows, for example, by Lemma 4.1.259

ICALP 2026
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▶ Theorem 2.7 (Maximal modularity). Fix a > b > 0 and integer k ≥ 2. Let p = p(n) =260

ω a/n and q = q(n) = ω b/n. For any ε > 0, there exists c = c(ε) such that, if ω > c for261

n large enough, then the following holds with probability at least 1 − ε provided n is large262

enough. Let G ∈ G(n, k, p, q) and denote the planted partition by P. Then,263 ∣∣∣∣qP(G) − a − b

a + (k − 1)b

(
1 − 1

k

)∣∣∣∣ ≤ ε

2 (5)264

and265 ∣∣∣q⋆(G) − qP(G)
∣∣∣ ≤ ε

2 . (6)266

As a result, ∣∣∣∣q⋆(G) − a − b

a + (k − 1)b

(
1 − 1

k

)∣∣∣∣ ≤ ε.

Note that, as expected, q⋆(G) ≈ a−b
a+(k−1)b h(0), where h(·) is defined in Theorem 2.6.267

3 Ingredients of the proof : Distances to the planted partition P268

For now, for simplicity of exposition, we assume that n is divisible by k, as this will be269

assumed in the first lemma, Lemma 3.1. However, in the proof of Theorem 2.6, we relax this270

condition and deal with the general case.271

To prove our main result, we need to investigate a family of partitions of [n] with a given272

distance to the planted partition P = (Pi)k
i=1. It will be convenient to represent partitions as273

k × k matrices that capture the way how these partitions overlap with P. Let A = (Ai)k
i=1274

be any partition of [n] into k parts. Then, the signature of A (with respect to P) is defined275

as the matrix X = X(A) = (xij)1≤i≤j≤k, where276

xij = |Ai ∩ Pj |
n/k

. (7)277

Note that for the signature to be well defined, one needs to fix the labelling of both P and278

A. To compute the distance between P and A, one needs to align these labels as best as279

possible (see Lemma 3.1 below), but the modularity score clearly does not depend on the280

way the labels are aligned (see Lemma 4.1 below). Note also that, trivially, xij ≥ 0 for all281

i, j ∈ [k]. Moreover, since A1 ∪ · · · ∪ Ak = [n], for any j ∈ [k],282 ∑
i∈[k]

xij = 1
n/k

∑
i∈[k]

|Ai ∩ Pj | = |Pj |
n/k

= 1. (8)283

Finally, note that the signature of the planted partition P is the matrix Y P = (yij)1≤i≤j≤k284

with yii = 1 for all i ∈ [k] and yij = 0 for all i ̸= j.285

In our first lemma, we rewrite the distance between any partition A and the planted286

partition P in a convenient form, namely, as a function of the signature of A. The proof is287

short so we give it below.288

▶ Lemma 3.1. Suppose that n is divisible by k. Let A be any partition of [n] with k parts,289

and let P be the planted partition. Let X = X(A) = (xij)1≤i≤j≤k be the signature of A.290

Then,291

d(A, P) = 1 − 1
k max

σ

k∑
i=1

xσ(i)i, (9)292
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where the maximum is taken over all permutations of [k].293

Moreover, d(A, P) ≤ 1 − 1/k and this upper bound is sharp, that is, there exists a294

partition A such that d(A, P) = 1 − 1/k, provided that n is divisible by k2.295

Proof of Lemma 3.1. Equality (9) follows immediately from the definition of the signature
in (7) and the definition (3) of the distance between the two partitions. Indeed,

d(A, P) = 1 − 1
n

max
σ

k∑
i=1

|Aσ(i) ∩ Pi| = 1 − 1
n

max
σ

k∑
i=1

xσ(i)i · (n/k) = 1 − 1
k

max
σ

k∑
i=1

xσ(i)i.

It remains to show that d(A, P) ≤ 1 − 1/k or, equivalently, that maxσ

∑k
i=1 xσ(i)i ≥ 1.296

Consider the sum S =
∑

σ

∑k
i=1 xσ(i)i, where the outer sum is taken over all k! permuta-297

tions of [k]. Clearly, there are k! · k terms in S and for each a, b ∈ [k], the term xab occurs298

exactly (k − 1)! times (i has to be equal to b and there are (k − 1)! permutations that map b299

to a). Hence, for each j ∈ [k], the sum
∑k

i=1 xij (which is equal to 1 by (8)) occurs (k − 1)!300

times. We conclude that S = k · (k − 1)! = k!. By an averaging argument, there exists a301

permutation σ̂ for which
∑k

i=1 xσ̂(i)i ≥ 1. Hence, maxσ

∑k
i=1 xσ(i)i ≥

∑k
i=1 xσ̂(i)i ≥ 1, thus302

the desired inequality holds.303

Assume now that n is not only divisible by k but, in fact, it is divisible by k2. We304

construct a partition A by partitioning each Pj into k equal parts and then picking 1/k305

fraction of each Pj to form Ai of size n/k. This partition has signature X with xij = 1/k306

for all i, j ∈ [k]. We get that maxσ

∑k
i=1 xσ(i)i =

∑k
i=1 1/k = 1, which shows that the upper307

bound is sharp. This finishes the proof of the lemma. ◀308

4 Ingredients of the proof: Concentration309

The signature of A not only determines the distance between A and P but, more importantly,310

it predicts (up to an arbitrarily small error in a sufficiently dense graph G) the modularity311

score qA(G) of A for G ∈ G(n, k, p, q) generated by the SBM. Indeed we will prove that the312

modularity score of A is well-approximated by a scaling of g(X), a function only of the313

signature X of A that is defined by314

g(X) =
k∑

i=1

∑
1≤j<j′≤k

(xij − xij′)2. (10)315

▶ Lemma 4.1 (Concentration of modularity). Fix a > b > 0 and integer k ≥ 2. Let316

p = p(n) = ω a/n and q = q(n) = ω b/n. For any ε > 0, there exists c = c(ε) such that if317

ω > c for n large enough, then the following holds with probability at least 1 − ε provided n318

is large enough.319

Let G ∈ G(n, k, p, q). For all k-part partitions A,320 ∣∣∣∣qA(G) − a − b

(a + (k − 1)b) · g(X)
k2

∣∣∣∣ < ε,321

where X = X(A) = (xij)1≤i,j≤k is the signature of A and g(X) is defined in (10).322

Recall that the planted partition P has signature Y P = (yij)1≤i≤j≤k with yii = 1 for all323

i ∈ [k] and yij = 0 for all i ̸= j. Since g(Y P) = k · (k − 1), we get that qP(G) is very close to324 (
1 − 1

k

)
· a−b

a+(k−1)b .325

As one might want to use this result for other purposes, we state it (and prove it, of326

course) without assuming that n is divisible by k. The proof of Lemma 4.1 can be found in327

ICALP 2026



32:10 The stochastic block model has the overlap graph property for modularity

the full version of the paper, though we describe some intermediate steps below. One of these todo328

intermediate steps concerns the modularity score of partitions A with given signature X on329

a deterministic weighted graph. This can be regarded as a mean-field calculation. Indeed,330

working with the deterministic weighted graph means we may consider, for example, the331

edge-weight of edges in part Ai between the planted blocks Pj and Pj′ , which corresponds to332

the expected number of such edges. After that step, it remains only to make a link betweentodo 333

the modularity scores of our random graph and those of the deterministic weighted graph.334

5 Ingredients of the proof: Optimisation335

We have now established that, up to small errors, we may consider g(X) as our objective336

function, and have re-written our distance to the planted partition in terms of X. Thus, the337

new aim is to maximise g(X) given the distance of X to the planted partition Y P .338

▶ Lemma 5.1. Let 0 ≤ t < 1. Define Xk(t) to be the family of matrices X = (xij)1≤i≤j≤k339

such that340

xij ≥ 0, for all i, j ∈ [k],341 ∑
i

xij = 1 for all j ∈ [k], (11)342 ∑
i ̸=j

xij = t, and343

∑
i

xii ≥ max
σ

∑
i

xσ(i)i.344

Let g(X) be defined as in (10). Then,345

max
X∈Xk(t)

g(X) = k(k−1) − 2t
(
k−t(k−1)

)
and arg max

X∈Xk(t)
g(X) = {X

(ij)
k (t) : i ̸= j},346

where, for i ̸= j, X
(ij)
k (t) is the k × k matrix with xij = t, xjj = 1 − t, all other diagonal347

elements 1 and non-diagonal elements 0 (i.e., xaa = 1 for all a ̸= j and xab = 0 for all a ̸= b348

such that (a, b) ̸= (i, j)).349

Note that in the optimiser X
(i,j)
k (t), the row sums are (1+ t, 1− t, 1, . . . , 1), corresponding350

to part sizes (1/k + d, 1/k − d, 1/k, . . . , 1/k) · n in the partition at distance d < 1/k with351

d = t/k (or, thus, equivalently, t < 1).352

The following lemma shows that the maximal g(X) for signatures at distance d > 1/k353

(i.e., for t > 1) is at most the maximal g(X) for signatures at distance d = 1/k. This result354

is important to several of our proofs as it will allow us to infer that partitions A with high355

modularity scores must be at distance d ≤ 1/k from the planted partition.356

▶ Lemma 5.2. Consider Xk(t) as defined in (11), and g(X) as defined in (10). Then, for357

any t > 1,358

max
X∈Xk(t)

g(X) < k(k − 1) − 2.359

The optimisation problems in Lemmas 5.1 and 5.2 are quadratic maximisation problems.360

(Note that in general quadratic maximisation problems are NP-hard [32].) We prove both361

lemmas in Appendix C. Lemma 5.1 is the last ingredient needed to prove Theorem 2.6, which362

gives the likely optimal modularity score over all partitions at distance d ∈ [0, 1/k] from363
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the planted partition. (Recall that we will prove our main OGP result, Theorem 2.2, in364

Appendix D by appealing to Theorem 2.6.) Lemma 5.2 is used to show slow mixing of a365

natural MCMC in Theorem B.2.366

To understand how these lemmas fit in, recall that the distance to the planted partition367

P of a partition A with signature X is d(A, P) = 1 − 1
k maxσ

∑
i xσ(i)i = 1

k minσ

∑
i ̸=j xσ(i)j ,368

by Lemma 3.1 and since
∑

j xij = 1 for each i, so that xσ(i)i = 1 −
∑

j : j ̸=i xσ(i)j . The369

condition
∑

i ̸=j xij = t corresponds to enforcing a distance of t/k from the planted partition,370

and the arg max tells us the set of partitions that achieve the maximal modularity score at371

distance t/k. Note that, for t = 1, i.e. at distance of d = 1/k from the planted partition,372

X
(ij)
k (1) is the signature for the ‘decoy’ partition D where two planted blocks Pi and Pj are373

placed within the same part, and all other planted blocks are placed within their own part –374

see also Figure 1.375

6 Discussion and the case of optimising only over balanced partitions.376

The literature contains positive results, with algorithms using local updates based on the377

modularity function to recover communities in the SBM [10, 11]. This paper proves OGP,378

a signature of algorithmic hardness, for such algorithms.379

Of course this does not give rise to a contradiction, since the setups in [10, 11] and ours380

are subtly different and also OGP has been exhibited for problems known to be easy [22].381

However, it leads to interesting open questions, probing which of the differences in the two382

setups are important. We describe this now in more detail.383

As mentioned earlier, for k = 2 communities and starting with a random partition into384

equal-size parts, a local algorithm based on the modularity function was shown to recover the385

planted communities [10]. The local moves for this algorithm take the form of a swap, which386

takes pairs of vertices, one from each part, and swaps them if this increases the modularity387

score. This naturally maintains equal-size parts. For general k, an algorithm with parallel388

local updates based on the modularity function was shown to recover the ground truth389

partition [11]. We note that this parallel algorithm has a random balanced start and also a390

mechanism to maintain the balanced sizes of parts during the algorithm.391

For the overlap gap property that we establish, it was important that the ‘decoy’ parti-392

tion D, which is an unbalanced partition into k − 1 parts, has a ‘surprisingly high’ modularity393

given its distance of 1/k from the ground truth partition P. Furthermore, at distances394

0 < d < 1/k from P modularity, optimal partitions are increasingly unbalanced, with part395

sizes (1/k + d, 1/k − d, 1/k, . . . , 1/k); see Lemma 5.1.396

Perhaps a crucial difference in the two setups is that the positive results of [10, 11] had397

balanced partitions, both in the initialisation as well as during the algorithm. We finally398

show that if we introduced this balanced condition into our optimisation problem then it no399

longer exhibits OGP. In particular, when considering maxA qA where the maximisation is400

over balanced k-part partitions instead of all k-part partitions, we see that this no longer401

exhibits OGP. We should note that this by itself does not imply success of particular greedy402

algorithms – and hence fast algorithms. More work needs to be done to exhibit one (as403

done in [10, 11]). In a similar vain, for the problem of sparse regression [17], in the regime404

where OGP ceases to hold a greedy type algorithm was established to be effective. The405

construction is not based on OGP. Instead it relies directly on the properties of the model,406

which is typically the case.407

To state this result, we fix the random graph G ∈ G(n, k, p, q) under the conditions of408

Theorem 2.6. It turns out that the maximum modularity of G only over balanced partitions409
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at distance about 0 < d < 1 − 1/k from the planted partition P concentrates about some410

function that now is decreasing in d:411

▶ Proposition 6.1. Let X ′
t be defined as in (11) with the additional restriction that

∑
j xij = 1412

for all i ∈ [k]. Then gbal(t) = maxX∈X ′
t

g(X) is strictly decreasing on 0 < t < k − 1.413

Proposition 6.1 implies an analogue of Theorem 2.6, optimising now only over balanced414

partitions, for 0 < d < 1 − 1/k, now with decreasing h̃(d), contrary to h(d).415
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A A guide to the proofs given in the appendix496

A.1 Main results: OGP for SBM and slow-mixing497

The main results in the paper are that (a) for three or more communities, the stochastic498

block model (SBM) exhibits the overlap gap property (OGP); and (b) failure of a natural499

MCMC algorithm.500

For (a), that SBM exhibits OGP, the statement is Theorem 2.2, and is proven in501

Appendix D. Proving Theorem 2.2 requires understanding of the maximum modularity of502

partitions within distance d ≤ 1/k of the planted partition (Theorem 2.6). Indeed, proving503

Theorem 2.6 is the main work of the paper, and we outline the steps in Appendix A.2.504

For (b), the failure of a natural Markov Chain Monte Carlo (MCMC) algorithm, the505

statement is Theorem B.2 (an informal version, Theorem 2.3, appeared in the body of the506

paper). This algorithm is described in Appendix B, and we show in Proposition B.1 that it507

will likely output a partition within distance o(1) of the planted partition P. However, the508

main result is a negative one: Theorem B.2 shows that the time taken is exponentially large509

in n. In Appendix B, we state and prove both Theorem B.2 and Proposition B.1, assuming510

the OGP result stated in Theorem 2.2 and a bound on the maximum modularity of partitions511

at distance d > 1/k of the planted partition (Lemma 5.2).512

A.2 Putting it all together: Proving Theorem 2.6 (which proves513

Theorem 2.2)514

We outline the proof of Theorem 2.6; in terms of the three ingredients discussed in the main515

body of the paper: distances to the planted partition (Section 3), concentration (Section 4)516

and optimisation (Section 5).517

An important definition was that of the signature X of a partition A; see (7). The518

signature of A determines the distance between A and P . This was established in Section 3,519

with all proofs contained within that section. The second and third ingredients, namely,todo 520

concentration and optimisation, were more involved. The optimisation results are included521

in Appendix C, for the concentration results see the full version of the paper.522

A.3 Ingredient: Concentration523

We just saw that the distance of partition A to the planted partition is determined by524

the signature of X. Moreover, the signature (up to a small error) defines the modularity525

score qA(G) of A for G ∈ G(n, k, p, q) generated by the SBM. This is established by the526

concentration results in Section 4 which show that for A with signature X, the modularity527

score qA(G) is very close to a−b
a+(k−1)b

1
k2 g(X). See (10) for a definition of g(X). The proofs528

for the concentration results may be found in the full version of the paper.todo! 529

A.4 Ingredient: Optimisation530

We are interested in the maximum modularity at a given distance from the planted partition,531

and the concentration results tell us, loosely, that the modularity score qA(G) is quite close532

to a−b
a+(k−1)b

1
k2 g(X), where X is the signature of A. Hence, the remaining challenge is to533

understand the maximal value of g(X) over signatures X of partitions at a given distance to534

the planted partition P.535
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We recall the setup for our optimisation problem. We have defined Xk(t) to be the family536

of matrices X = (xij)1≤i≤j≤k such that (11) holds. Recall from (10) that we have defined537

g(X) to be g(X) =
∑k

i=1
∑

1≤j<j′≤k(xij − xij′)2.538

The two main optimisation results are to (a) understand maxX∈Xk(t) g(X) for t ∈ [0, 1]539

(corresponding to d ≤ 1/k); and (b) upper bound maxX∈Xk(t) g(X) for t > 1 (corresponding540

to d > 1/k). For part (a), the result is stated in Lemma 5.1, and the proof is in Appendix C.1.541

For part (b), the result is stated in Lemma 5.2, and the proof is in Appendix C.2.542

A.5 Auxiliary result : Theorem 2.5543

A result of Bickel and Chen [4] states that the modularity-optimal partition is likely to be544

within small distance of the planted partition. We extend this to say that partitions with545

modularity score very close to optimal are within a small distance of the planted partition.546

See Theorem 2.5 for details, and the full version of the paper for proofs. todo547

A.6 Outline548

We briefly outline the following sections. Appendix B proves the failure of MCMC algorithms,549

and Appendix C proves the optimisation results. After these sections, we prove our main todo!550

result, that modularity in SBM has OGP, in Appendix D. See the full version of the paper for551

the proofs of the auxiliary result Theorem 2.5, and the proof Proposition 6.1 which concerns552

the setting in which we restrict to optimising only over balanced partitions. todo553

B Failure of the Markov Chain Monte Carlo algorithm554

Throughout this section we consider k-partitions with k fixed. We denote qA = qA(G),555

q⋆ = q⋆(G) for brevity. The OGP immediately implies the failure of a natural Greedy556

algorithm for finding the planted partition P when started from the decoy partition D.557

More specifically, Greedy is an algorithm resulting in a sequence of partitions At built as558

follows: We initialise the Greedy algorithm in the decoy partition, i.e., A0 = D. Given559

At−1, the partition At is obtained by changing the membership of at most one node u ∈ [n]560

such that the resulting modularity strictly increases. That is, At is any partition satisfying561

d(At, At−1) = 1/n and qAt
(G) > qAt−1(G). If no such node u exists, then the algorithm562

stops and outputs the partition obtained in the final step. By the OGP, the Greedy algorithm,563

initiated at the decoy partition D, terminates at this partition with distance at least 1/k564

from the ground truth.565

A natural generalisation of the Greedy algorithm, which is guaranteed (as we will show)566

to output a partition approximately matching the planted partition P, is the well-known567

Markov Chain Monte Carlo (MCMC) algorithm which we now describe. Our main result in568

this section is the proof of slow mixing of this MCMC. In particular, we will show that the569

time it takes for the algorithm to approximately produce an planted partition is exponentially570

large in n.571

We begin by describing the MCMC algorithm. A parameter usually called the inverse572

temperature β is fixed. The algorithm proceeds as a Markov chain moving according to the573

following rules. Given any partition A, consider any partition A′ with d(A, A′) = 1/n. Then574

the algorithm moves from A to A′ with probability proportional to exp(βnqA′), namely with575

probability576

P (A → A′) ≜ exp(βnqA′)∑
B exp(βnqB) ,577
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where here the sum is over all partitions B with d(A, B) = 1/n. (Note that we choose this578

parametrisation so that the stationary distribution is informative.) It is known that the579

unique stationary distribution of this chain is the so-called Gibbs distribution given by580

PGibbs(A) = exp(βnqA)
Z

,581

where Z =
∑

B exp(βnqB) is the normalising constant, which is also called the partition582

function, and now the sum is over all partitions B.583

We first show that this algorithm is sound, in the sense that for large enough β it produces584

partitions that are close to the ground truth P.585

▶ Proposition B.1. For every ε > 0, ζ > 0, there exists large enough β > 0 such that586 ∑
A : d(A,P)≤ζ

PGibbs(A) ≥ 1 − ε.587

In words, the probability mass of partitions with distance at most ζ from the planted partition588

constitutes at least a 1 − ε fraction of the total probability mass. Thus, if the algorithm589

were to run until stationarity, then a partition sampled according to the Gibbs distribution590

is likely to be at most ζ close to the ground truth, modulo an at most ε likelihood event.591

Proof of Proposition B.1. Given any ζ > 0 let E(ζ) = {A : d(A, P) ≤ ζ}. Fix ε, ζ > 0. By592

Theorem 2.5, we can find δ > 0 small enough so that, with probability at least 1 − ε/2, the593

event occurs that every A satisfying qA ≥ q⋆ − δ satisfies A ∈ E(ζ). On this event,594 ∑
A/∈E(ζ)

exp (βnqA) ≤ kn exp(βn(q⋆ − δ)).595

Fix β large enough so that log k − βδ ≤ −1 (any strictly negative constant will do). Then,596

this sum is at most exp(−n) exp(βnq⋆), so that597 ∑
A/∈E(ζ)

PGibbs(A) ≤ exp(−n) exp(βnq⋆)
Z

598

≤ exp(−n) exp(βnq⋆)
exp(βnq⋆)599

= exp(−n) ≤ ε/2,600

for large enough n. Combining this event with the complement event, which occurs with601

probability at most ε/2, we complete the proof. ◀602

Our main result, described next, shows that unfortunately the time to stationarity is603

exponentially large in n when the chain is initiated at a large enough distance from the604

partition, appropriately defined. Worse than that, the time to reach even one partition605

close to the ground truth is exponentially large in n, again when the chain is initiated at a606

large distance from the ground truth. This means that the set of such starting points acts607

as a metastable set. See [7] for a discussion on metastability, and [12] for an example of608

metastability in random regular graphs.609

In preparation for the proof of this claim, we recap some of the properties implied by610

the OGP and an auxiliary lemma: there exist 0 < ν1 < ν2 < 1 and c1, c2 > 0 such that the611

following holds. Let612

Eclose = {A : d(P, A) ≤ ν1},613

Efar = {A : d(P, A) ≥ ν2},614

Ebtw = {A : d(P, A) ∈ (ν1, ν2)}.615
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Then, by Theorem 2.2 and Lemma 5.2 with probability at least 1 − ε,616

arg max qA ⊆ Eclose, (12)617

max
A:A∈Efar

qA ≥ q⋆ − c1, (13)618

max
A:A∈Ebtw

qA ≤ q⋆ − c1 − c2. (14)619

We now state our lower bound result.620

▶ Theorem B.2. Consider the MCMC initiated at the Gibbs distribution conditioned on621

being in Efar. Namely, suppose622

P (A0 = A) = PGibbs(A)∑
B∈Efar

PGibbs(B) ,623

for all A ∈ Efar, and P (A0 = A) = 0 otherwise. Let τ = min{t : At ∈ Eclose}. There exist624

c3, c4 > 0 such that with probability at least 1 − ε (with respect to the randomness of the625

graph)626

P (τ ≥ exp(c3n)) ≥ 1 − exp(−c4n),627

where the probability is with respect to the random choices of the MCMC.628

Proof. We assume that the events (12)-(14) hold, which is the case with probability at least629

1 − ε. We note that the events A0 ∈ Efar, Aτ ∈ Eclose imply the existence of s < τ such that630

As ∈ Ebtw. For every positive integer t,631

P (At ∈ Ebtw|A0 ∈ Efar) = P (At ∈ Ebtw, A0 ∈ Efar)
P (A0 ∈ Efar)

632

≤ P (At ∈ Ebtw)
P (A0 ∈ Efar)

.633

We have634

P (At ∈ Ebtw) ≤ kn exp(βn(q⋆ − c1 − c2)),635

P (At ∈ Efar) ≥ exp(βn(q⋆ − c1)).636

Thus the ratio is at most kn exp(−βnc2). Assuming β is large enough so that log k−βc2 ≤ −1637

(again any negative constant suffices), this ratio is at most exp(−n). By the union bound,638

we obtain that P(τ ≤ exp(n/2)) ≤ en/2e−n = e−n/2, completing the proof. ◀639

C Optimisation lemmas for modularity at a given distance640

In this section we prove that the function g(X) has the required behaviour. Recall that by641

Theorem 2.6 with probability close to one, the modularity of any partition A with signature642

X can be well approximated by a−b
a+(k−1)b

1
k2 g(X).643

In particular, we are interested in the maximum modularity score for partitions at a644

given distance d; and this we can control by understanding the maximum of g(X) for645

signatures X at distance d; or, equivalently, the maximum of 1
k2 g(X), which we call h̃(d).646

(See also the discussion after Theorem 2.6.) This will correspond to the maximisation problem647

h̃(d) = 1
k2 maxX∈Xk(dk) g(X) for the k-block SBM, and re-scaled distance t = dk.648

These results naturally split into two. For d < 1/k, we solve this optimisation in649

Lemma 5.1, while, for d > 1/k, we show in Lemma 5.2 that h(d) < h(1/k), i.e., that the650

value of g is bounded above by its maximum at d = 1/k.651
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C.1 Proof of the general case for distance d < 1/k652

Proof of Lemma 5.1. Let t = dk and consider first 0 < t < 1. We will prove the result by653

successively eliminating the variables.654

We begin by giving an equivalent optimisation problem with k(k − 1) variables. Since655

the columns of the matrix X sum to 1, we may reduce the number of variables by writing656

xii = 1 −
∑

i′:i′ ̸=i xi′i, and maximising the resulting g̃(x12, . . . , xk−1, k) obtained from g(X)657

by making these substitutions for xii.658

In particular, let659

X̃ =
{

(xij)i ̸=j : xij ≥ 0 ∀i ̸= j,
∑

i : i ̸=j

xij ≤ 1 ∀j and
∑
i̸=j

xij = t
}

. (15)660

Thus it will suffice to show max
x∈X̃ g̃(x) has the bounds claimed. (We write x, since we have661

now a subset of variables of the matrix X.)662

Notice that if we have equality for xij + xi′j = 1 for some i, i′, j all distinct, then663 ∑
i̸=j xij ≥ 1, which yields a contradiction since t < 1. Thus, it is equivalent to consider664

the maximisation problem over X̃1, where we require strict inequality for the terms, i.e.,665

xij + xi′j < 1. Let666

X̃1 =
{

(xij)i̸=j : xij ≥ 0 ∀i ̸= j,
∑

i : i̸=j

xij < 1 ∀j and
∑
i ̸=j

xij = t
}

. (16)667

It now suffices to show that max
x∈X̃1

g̃(x) satisfies the claimed bounds.668

We may remove one more variable. Note from the constraints that we have669

x21 = t −
∑
i̸=j

(i,j)̸=(2,1)

xij .670

Let g̃2 be g̃ making this substitution (i.e., g̃2 is a function on k2 − k − 1 variables), and let671

X̃2 =
{

(xij)i̸=j, (i,j)̸=(2,1) : xij ≥ 0 ∀(i, j) with i ̸= j, (i, j) ̸= (1, 2),
∑

i : i≥3
xi1 < 1672

∑
i : i ̸=j

xij < 1 ∀j ≥ 2 and
∑
i̸=j

(i,j)̸=(2,1)

xij ≤ t
}

. (17)673

Thus, finally, it suffices to show that max
x∈X̃2

g̃2(x) satisfies the claimed bounds.674

Recall that the maximum of a convex function is obtained on the boundary. Note also that675

we may apply this recursively, since if we set any inequality in (17) to equality, then we may676

make a substitution to reduce the number of variables by 1, and we obtain a maximisation677

problem for a convex function (on one fewer variables). Thus, the max of g̃2(x) over x ∈ X̃2678

is obtained when at least k2 − k − 1 of the inequalities in (17) are equality.679

Observe that there are k2 − k − 1 inequalities in (17) (which are not strict inequalities),680

so the maximum is obtained when we set all but (at most) one of these to equality.681

We consider two cases. The first case is that we have xij = 0 for all (i, j) with i ≠682

j, (i, j) ̸= (2, 1). Notice that this fixes the value of all variables, and that the remaining683

inequalities in (17) are all satisfied. The value of g̃2(x) attained is that of g(X) with x21 = t684

(and xij = 0 for all (i, j) with i ̸= j, (i, j) ̸= (2, 1), and xii =
∑

i′ : i′ ̸=i xi′i for all i). Note that685

this yields the matrix X(2,1)(t), and, moreover, that g(X(2,1)(t)) = k(k−1) − 2t
(
k−t(k−1)

)
.686

The second case is that there exist a, b (where (a, b) ̸= (2, 1)) such that687 ∑
i̸=j

(i,j)̸=(2,1)

xij = t and xij = 0 for all (i, j) with i ̸= j, (i, j) ̸= (2, 1), (a, b).688



S Bhamidi, D Gamarnik, R vd Hofstad, N Litvak, P Prałat, F Skerman, Y Tousinejad 32:19

Notice that this fixes the value of all k2 − k − 1 variables: xab = t and all remaining689

variables take the value 0, and that this assignment satisfies the remaining inequalities690

in (17). The value of g̃2(x), attained is that of g(X) with xab = t (and xij = 0 for all (i, j)691

with i ̸= j, (i, j) ̸= (a, b), and xii =
∑

i′:i′ ̸=i xi′i for all i). Note that this yields the matrix692

X(a,b)(t), and, moreover, that again g(X(a,b)(t)) = k(k−1) − 2t
(
k−t(k−1)

)
for any such693

(a, b). This completes the proof. ◀694

C.2 Proof for the general case d > 1/k695

Here we prove Lemma 5.2, which will allow us to infer that partitions A with high modularity696

scores must be at distance d ≤ 1/k from the planted partition.697

Proof. Consider any partition A with signature X = (xij)1≤i≤j≤k that is at distance more698

than 1/k from the planted partition P. Our goal is to show that g(X) ≤ k(k − 1) − 2.699

Suppose that there exists a column j ∈ [k] (say, j = 1) in X with at least two non-zero700

entries (say, x11 > 0 and x21 > 0). Consider a family of signatures X(s) that is parametrised701

by variable s, as follows: for a given s ∈ [−x11, x21], matrix X(s) is exactly the same as X702

but x11 is replaced with x11 + s and x21 is replaced with x21 − s. Of course, X = X(0).703

Note that g(X(s)) is a quadratic function of s with a positive coefficient in front of s2.704

As a result, at least one of the following two properties holds: (i) g(X(s)) increases as s705

increases from s = 0 to s = x21 (which is equivalent to transferring a weight from x21 to706

x11); or (ii) g(X(s)) increases as s decreases from s = 0 to s = −x11 (which is equivalent to707

transferring a weight from x11 to x21). Note that it might be the case that g(X(s)) attains708

its local minimum at s = 0 and both properties hold at the same time. Regardless, we may709

start from s = 0 and either increase or decrease s to gradually increase g(X(s)). While710

we do this, the distance to the planted partition P does not need to behave monotonically.711

However, it is easy to see (but it is crucial for the argument) that the distance to P is a712

continuous function of s. Once we are done with transferring the weight, we get an additional713

zero entry in our signature matrix, and we can move on to the next pair of non-zero entries,714

possibly in a different column j.715

We need to consider two cases now. Suppose first that during the above process the
distance to P is equal to 1/k. We prematurely stop the process at the very first time this
happens, and let Y be the signature we have at that moment. Since we kept increasing the
function g along the way, it follows from Lemma 5.1 (applied with t = 1) that

g(X) < g(Y ) ≤ max
X∈Xk(1)

g(X) = k(k − 1) − 2,

which finishes the proof of the lemma in this case.716

Suppose now that the distance from A to P was always more than 1/k, but we had to717

stop the above process of transferring weights at some point because each column had exactly718

one non-zero entry (of course these non-zero entries must be equal to one). This means that719

each part of A is a union of some planted parts, and the distance between A and P is equal720

to i/k for some integer i ≥ 2.721

Now, take any part which is a union of r ≥ 2 planted parts and split it into two parts,
consisting of r −1 and a single planted part, respectively. After such partition refinement, the
function g increases. Indeed, before splitting the part with r planted parts, the contribution
of that part to the function g is r(k −r), but after splitting, the two resulting parts contribute
(r − 1)(k − r + 1) + (k − 1), which is equal to r(k − r) + 2(r − 1) > r(k − r). We continue
such refinements of partitions until the distance to P is 1/k. At that point, the partition A
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with signature Y has one part consisting of two planted parts, while the remaining parts
consist of just one planted part. The conclusion is as before:

g(X) < g(Y ) = max
X∈Xk(1)

g(X) = k(k − 1) − 2.

This finishes the proof of Lemma 5.2. ◀722

D Proof of Theorem 2.2 : SBM has OGP723

Proof of Theorem 2.2. We will prove Theorem 2.2 using Theorem 2.6, our concentration724

result in Lemma 4.1, and the optimisation result in Lemma 5.2.725

First, we will set up the range for the distances. Recall that h(d) is a quadratic function726

of d, with minimum at 1
2(k−1) . See also Figure 2. Take any ν ∈

(
1

2(k−1) , 1
k

)
, choose727

ν′ = 2
3 · ν + 1

3 · 1
k , and let ν′′ ∈

[
0, 1

2(k−1)

)
be the unique number such that h(ν′′) = h(ν′).728

Let n0 be the smallest integer such that 1/
√

n0 < ν′ − ν < 1
2(k−1) − ν′′.729

Next, we define µ = a−b
a+(k−1)b

(
h(0)−h(ν′)

)
. Choose a positive ε < a−b

a+(k−1)b (h(ν′)−h(ν)).730

Then, by Theorem 2.6, we obtain that parts (i) and (ii) below hold with probability at least731

1 − ε, and for n > n0 large enough:732

(i) For all partitions A at distance d ∈ [0, ν′ − ν) and at distance d ∈ (1/k − (ν′ − ν), 1/k], it733

holds that734

qA(G) >
a − b

a + (k − 1)b h(d) − ε >
a − b

a + (k − 1)b h(ν′) = a − b

a + (k − 1)b h(0) − µ.735

(ii) For any partition A at distance d ∈
(

k
2(k−1) , ν

)
⊂

[
0, 1

k

]
,736

qA(G) <
a − b

a + (k − 1)b h(d) + ε <
a − b

a + (k − 1)b h(ν′) = a − b

a + (k − 1)b h(0) − µ.737

Together, (i) and (ii) establish Theorem 2.2. ◀738
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