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—— Abstract

The overlap gap property (OGP) is a statement about the geometry of near-optimal solutions.
Exhibiting OGP implies failure of a class of local algorithms; and has been observed to coincide
with conjectured algorithmic limits in problems with statistical computational gap.

We consider the Stochastic Block Model (SBM), where the graph has a planted partition with k
equal-size blocks which form the ‘communities’, and where, for parameters p > ¢, vertices within the
same community connect with probability p, while vertices in different communities connect with
probability ¢, independently across pairs of vertices. Modularity—based clustering algorithms have
become ubiquitous in applications. This article studies theoretical limits of local algorithms based
on the modularity score on the SBM.

We establish that modularity exhibits OGP on the SBM. This rules out a class of local algorithms
based on modularity for recovery in the SBM, and shows slow mixing time for a related Markov
Chain. Theoretically this is one of the few instances where OGP has been established for a ‘planted’
model, as most such analyses to date consider the ‘null’ model.

As part of our analysis, we extend a result by Bickel and Chen 2009, who established that
with high probability, the modularity optimal partition of SBM is o(n) local moves away from the
planted partition, where n is the graph size. We show that, with high probability, any partition
with modularity score sufficiently near the optimal value is close to the planted partition.
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1 Introduction

Modularity maximisation [27, 28] is one of the main methods used for finding clusters and
communities in networks. Modularity maximisation is NP-hard [8]; in practice, modularity
has a complex landscape, and there are many high scoring solutions [18]. On the other hand,
one major advantage of modularity is that its local updates are easy to compute. Naturally,
local updates form the initial phase in the go-to algorithms for modularity maximisation:
the Louvain algorithm [6] and its improved version, the Leiden algorithm [33]. However, as
already observed in [6], algorithms based on local updates get trapped in a local maximum.
To avoid this, both Louvain and Leiden include an additional non-local phase. An alternative
approach, proposed by Wang and Kolter [34] via the Locale algorithm, escapes local maxima
by replacing the local update with low-cardinality embedding.

Given the abundance of applications of modularity maximisation and Louvain and Leiden
algorithms, theoretical understanding of modularity—based algorithms is surprisingly scarce.
Cohen-Addad et al. [10] proved that in the Stochastic Block Model (SBM) with sufficient
signal and two equal-sized blocks, a local algorithm, very similar to the local phase of Louvain,
initiated on a random bisection, recovers the correct partition with high probability. See
Section 6 for further discussion including how this relates to our result.

The question remains whether local updates lead to a global optimum in this random
model with more than two communities or different initialisation. In this work, we answer
this question negatively. Specifically, we establish that in SBM with k£ > 3 blocks, modularity
exhibits the overlap gap property (OGP). The OGP is a statement of the geometry of near-
optimal solutions and is considered a signature of algorithmic hardness—see Definition 2.1.
Indeed, for many problems known to exhibit a computational-statistical gap, the threshold
for OGP coincides with the conjectured algorithmic threshold [15, 16]. The idea has origins
in statistical physics, and can be used to prove failure of greedy and Markov Chain Monte
Carlo algorithms in average case problems. We show OGP in a planted random model as
in [17, 14], though the theory is usually applied to optimisation problems in null models [15].

The practical implication of this result is that in networks with more than two communities,
the local updates of Louvain or Leiden can get stuck in a local maximum even for a random
graph model with clear communities. The same holds for other algorithms based on local
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updates. For example, Gosgens et al. [19] offer a new interpretation of modularity as
an angular distance in a high-dimensional hypersphere, thus establishing equivalence of
modularity maximisation and nearest-neighbour search. Then, OGP implies that greedy

algorithms for nearest-neighbour search may return a local rather than the global maximum.

Furthermore, using the OGP we prove that a natural generalisation of the greedy algorithm,
namely the Markov Chain Monte Carlo algorithm, mixes exponentially slowly, and, in
particular, takes an exponential time to reach partitions close to the planted partition with
high probability.

While there are few theoretical results for modularity—based algorithms, there are positive
results for recovering ground truth partitions using local-updates based on modularity in
the SBM. As mentioned earlier, Cohen-Addad et al. [10] showed that for the SBM with
sufficient signal and two equal-sized blocks, a local algorithm recovers the communities with
high probability. This was further extended to general k by giving an algorithm with parallel
local updates based on the modularity function [11]. For more details and a discussion of
how these relate to our OGP results, see Section 6.

More is known about the behaviour of modularity on random models; we briefly review
this for context. Considering first random graph models without planted structure, the
main results focus on the setting of growing average degree d for the random d-regular
graph [23, 24, 29] and the Erdés-Rényi random graph [25, 30], which are likely to have
modularity of the order 1/V/d. For the Preferential Attachment (PA) model [2], very recently,
this same behaviour was established up to log factors [31]. For models with planted structure,
break-through results were given for the SBM by Bickel and Chen [4] showing that the
modularity-optimal partition is close to the planted partition. These were extended to
the degree-corrected SBM in [35]. See Theorem 2.4 for details. Finally, the modularity in
the Artificial Benchmark for Community Detection (ABCD) model, a model similar to the
well-known LFR model [21] used by practitioners, was studied in [20].

2 Results

2.1 Definitions

Let G = (V, E) be a graph with m = |E| > 1 edges and n = |V| > 1 nodes. For a partition
A of the vertices of G, the modularity score of A on G is defined as

@ = 3% [ty - S oS (Y

m
AeAu,veEA AeA AcA

where d,, denotes the degree of node u, e(A) denotes the number of edges within A C V and
vol(A) = >, c 4 dv denotes the (degree) volume of the set A. The modularity of a graph G is
defined as ¢*(G) = max 4 ¢4(G), where the maximum is taken over all partitions A of the
nodes of G. It will be useful to express modularity as the difference of the edge-contribution
or coverage qﬁ and the degree-tax qﬁ of the partition A, defined as

(@) = Z e(A)/m and ¢R(G)= Z vol(A)? /vol(G)2. (2)
AcA AcA

The modularity score, introduced by Newman and Girvan in [28], is a quality function of
many popular community detection algorithms such as Louvain [6] or Leiden [33]. Indeed,
the modularity score favours partitions of the set of nodes of a graph G in which a large
proportion of the edges fall entirely within the partition, but benchmarks it against the
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]

Figure 1 The figure shows the planted partition P (left) and a ‘decoy’ partition D (right) for the
SBM which has a planted partition of four equal-size parts. The partitions are denoted by showing
the adjacency matrix of G and colouring cell u, v with colour ¢ if nodes u, v are placed together in
part / community ¢ in the partition. A ‘decoy’ partition D is the one in which two of the planted
blocks are clustered together in the same part, and each of the remaining planted blocks form their
own part.

expected number of edges one would see in the same partition in a corresponding Chung-Lu
random graph model [9] with expected degree sequence taken to be identical to the degree
sequence of the observed graph G.

Fix k > 2 denoting the number of communities. We now formally define the stochastic
block model (SBM) which will be the focus of this paper. This model is also called the
planted partition model. The set of nodes [n] = {1,...,n} is partitioned into k communities
Py, ..., P, of as equal sizes as possible; that is, |n/k] < |P;| < [n/k] for all i € [k]. For
simplicity, often we will assume that n is divisible by k, but our main result is stated and
holds without this restriction. We will refer to this planted partition (P;)%_, as P. The
probability of observing an edge between two nodes of the same community is equal to p;
otherwise, it is equal to ¢g. We will use the notation G € G(n, k, p, q¢) whenever a random
graph G is generated with this probability distribution.

Results in the paper are in the large network limit n — oo. In particular, we will assume
that both p = p(n) and ¢ = ¢g(n) are functions of n, and n is large enough for certain
statements to be true. On the other hand, the parameter k > 2 is an arbitrary but fized
integer. We emphasise that the notations o(-) and O(+) refer to functions of n, not necessarily
positive, whose growth vanishes, respectively, is bounded.

We will establish that modularity exhibits OGP in the SBM. To prove this, we will obtain
a more detailed result that characterises the maximum modularity of any partition with given
distance to the planted partition. We define the distance as the classification error—see, for
example, (4.25) in [1]; in case of two communities, this distance is equal to the ‘imbalance’
in [10]. Define the distance between a k-part partition A = (A4;)%_; and the planted partition
P = (P,)k_; in SBM as

k
1
dA,P)=1-— Ay iy N B, 3
(A,P) nmgxgl (i N Pl (3)
where the maximum is taken over all permutations o : [k] — [k] of [k] = {1,...,k} that

govern how parts of A are aligned with the ones of P. Note that this d(.A, P) has a natural
interpretation: it is the minimum proportion of nodes that need to be re-shuffled to transform
the candidate partition A into the ground truth or planted partition P. Indeed, for a given
permutation o, one can keep nodes in A, ;) N P; where they are and move other nodes to
the appropriate parts.

Now that we have a notion of distance between partitions, we may formally define the
overlap gap property (OGP). The definition of the OGP pertains to a particular instance G,
of a distribution over graphs G,,.
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» Definition 2.1 (Overlap gap property — planted model). For a graph G,, with planted
partition P, the optimisation problem max4 q4(G,) exhibits OGP with values u > 0 and
0 < vy < vy if the following holds: For any partition B for which qg(G,) > ¢*(G,) — u, it
holds that either d(B,P) < vy, or that d(B,P) > va. Furthermore, d(B',P) > vo does indeed
occur for some partition B' with qp (Gr) > ¢*(Grn) — p.

2.2 Modularity exhibits OGP

Theorem 2.2 below states that the modularity score exhibits OGP on the SBM, provided
that the number of communities, k, is at least 3:

» Theorem 2.2 (Modularity has OGP). Fiz real numbers a > b > 0, and integer k > 3.
For any v € (ﬁ, %) and € > 0, there exist p = p(v) and ¢ = ¢(e) such that the following
holds for n large enough.

Let p=p(n) =w a/n and ¢ = q¢(n) = w b/n be such that w > ¢, and let G € G(n, k, p,q)
with planted partition P. Then with probability at least 1 — €, for every k-part partition A
with

a—>b 1 2
G>——— 1 - — =) - 4
either d(A, P) < 2(k1—1) or d(A,P) > v. Moreover, there are partitions A satisfying the
latter.

Intuition. Consider a ‘decoy’ partition D in which two of the planted blocks are clustered

together in the same part, and each of the remaining planted blocks forms its own part.

(There are (%) such decoy partitions by symmetry.) We call D a ‘decoy’ partition since it
has a ‘misleadingly’ high modularity score given its distance to the planted partition P; see
Figure 1. (We emphasise that the decoy D is an alternate partition of the nodes rather than
an alternate random graph model to generate the graph.)

Given the decoy partition D, the parameters for OGP are set as follows. We set
u = q*(G) — ¢p(G) + n for some small > 0. The idea is that partitions B with ¢z(G) >
¢*(G) — p will include the decoy partition, those very ‘close to’ the decoy, as well as
partitions somewhat ‘close to’ the planted (and modularity optimal) partition. Then we set
v =d(P,D) — 3 =1/k — ¢ for some small § > 0 so that the decoy partition and those very
close to it will fall within the second interval. Lastly, we need to set v;. Notice that, for
small distances from the planted partition, the modularity score of partitions decreases with
distance, so we set 1 to be some distance by which the likely modularity score has dipped
below ¢*(G) — p. This explains the intuition behind Theorem 2.2.

As an implication of the OGP we show that a natural algorithm based on Markov Chain
Monte Carlo (MCMC) updates takes exponential time to reach any proximity of the ground
truth. We state our result informally, and defer the formal statement as well as the proof to
Appendix B.

» Theorem 2.3 (Informal). For every { > 0, there exists a large enough inverse temperature
parameter > 0, such that when the chain is initiated at distance at least 1/k from the
ground truth, the time to reach a partition close to the ground truth is at least exp(©(n))
with high probability.
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2.3 Modularity as a predictor of the planted partition

In a breakthrough result of Bickel and Chen [4], it was shown that in the regime of growing
degree, the modularity optimal partition of the stochastic block model is within distance o(1)
of the planted partition (see also [5]):

» Theorem 2.4 ([4, 5]). Fiz real numbers a > b > 0, integer k > 2 and let w = w(n) — oo as
n—o00. Let p=wa/n and ¢ = wb/n, and let G € G(n, k, p, q) with the planted partition P.
Then,

d(argmax ga(G), P) = o(1).

Since modularity-based clustering algorithms remain the most popular, despite known
problems such as the resolution limit [13], it is reassuring that the modularity optimal
partition is quite close to the ‘correct’ partition in the SBM, a natural simplified model of
community structure.

However, we would like to know more. In particular, what about partitions with nearly
optimal modularity score? Are these partitions also close to the planted partition? Our
Theorem 2.5 (along with some bounds on modularity scores for partitions at higher distances)
implies that the answer is ‘yes’: if the partition has a score within a certain distance of the
maximal modularity value, then the partition must be near the planted one; see the full
version of the paper for the proof.

» Theorem 2.5 (Partitions with near-optimal modularity are close to the planted).
Fiz a > b > 0 and integer k > 2. Let p = p(n) = w a/n and ¢ = q¢(n) = w b/n. For any
e>0andd < #‘fl)b . k%, there exists ¢ = c(€) such that, if w > ¢ for n large enough, then
the following holds with probability at least 1 — e provided n is large enough.

Let G € G(n,k,p,q) with the planted partition P. Then, qa(G) > ¢*(G) — 0 for some

k-part partition A implies that d(A,P) < &' + ¢, where §' = §'(8) € (0, ﬁ)

2.4 Modularity at distance at most 1/k

The next theorem relates the maximum modularity of a partition to its distance from the
planted partition, and is the main ingredient in the proof of Theorem 2.2. For any k > 2,
we approximate the maximum modularity value over all partitions of k& > 2 parts A at
distance t/k (for some t € [0, 1]) from the planted partition P.

» Theorem 2.6 (Maximal modularity at distance at most 1/k). Fiza >b > 0. Let

p=pn)=wa/n and ¢ =q(n) = w b/n. For any e > 0, there exists c = c(e) such that if

w > ¢ then the following holds with probability at least 1 — € provided n is large enough.
Let G € G(n, k,p, q) with the planted partition P. For any d € [O, ﬂ, let

1 1
H(d) = AT {qA(G) rd— Jn <d(A,P)<d+ ﬁ} .

Then,

H(d) a-b )b~h(d)‘<a, where h(d):l—%—Zd(l—d(k—l)).

Cat (k-1

The random variable H(d) is defined as the maximal modularity over all k-part partitions
with the distance from P in an interval d + 1/y/n. We keep the margins +1//n for the
technical reason that there might not be any partition at distance exactly d (say, when
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h(d)

h(0)

h(0) — g

= 4

1
2(k-1)

d

Figure 2 A graph of the function h(d) for k = 4 and the relation to the OGP parameters pu, v1
and vo — see the text following Theorem 2.6. The dashed grey lines indicate an e-region above and
below h(d). By Theorem 2.6, any partition A at distance d is likely to have modularity at most
h(d) + €. From this, we will be able to conclude that it will be likely that any partition A with
modularity at least h(0) — u (i.e., above the red line) will be at a distance d < v or d > va, thus
establishing the OGP with these parameters.

d = w/4k, since the distance is always a rational number). Theorem 2.6 establishes that

H(d) is likely to be well approximated by the deterministic expression #ﬁbl)b - h(d).
Note that function d — h(d) decreases on [O, ﬁ} and increases on [ﬁ, ﬂ As a
result,
h(0) =1— £,
h(d) is decreasing on [0, 2(k1—1)] reaching h (2(1@7171)) =1-4i- 2(k171),
h(d) is increasing on [2(1c171) , 3] reaching h(1/k) =1— § — .

One can easily separate h(1/k) from its local minimum h(ﬁ) by introducing a

threshold p in Theorem 2.2, say, 1 = h(0) — h(v) with v € (ﬁ, %) In Figure 2, we

illustrate h(d) for d € [0, ] and the interplay with the OGP parameters 4,11 and vo.

Below, we will show Theorem 2.2, i.e., that modularity has OGP in the SBM — assuming
Theorem 2.6, where we recall that Theorem 2.6 characterises the maximum modularity score
over partitions A at given distances d € [0, %] from the planted partition P. We outline the
proof of Theorem 2.6 in Sections 3-5, and give some further details Appendix C. We prove
Theorem 2.2 using Theorem 2.6 in Appendix D.

The asymptotic maximal modularity value in G(n, k,p, ¢) is known and also known to
coincide with the modularity of the planted partition; we state it in Theorem 2.7 below for
completeness. The result follows from Theorem 2.4 and was also given in [26] for slightly
higher p, q. We note that (5) in Theorem 2.7 is a direct corollary of Theorem 2.6 as a special
case when d = 0. Also (5) follows, for example, by Lemma 4.1.
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» Theorem 2.7 (Maximal modularity). Fiz a > b > 0 and integer k > 2. Let p = p(n) =
wa/n and g = q(n) = w b/n. For any ¢ > 0, there exists ¢ = c(e) such that, if w > ¢ for
n large enough, then the following holds with probability at least 1 — ¢ provided n is large
enough. Let G € G(n,k,p,q) and denote the planted partition by P. Then,

a—>b 1 €
qP(G)_CL-‘r(/ﬂ—l)b<1_k>’S2 (5)
and
7(6)—ar(G)| < 5. (©)
As a result,

e

Note that, as expected, ¢*(G) =~ % h(0), where h(-) is defined in Theorem 2.6.

3 Ingredients of the proof : Distances to the planted partition P

For now, for simplicity of exposition, we assume that n is divisible by k, as this will be
assumed in the first lemma, Lemma 3.1. However, in the proof of Theorem 2.6, we relax this
condition and deal with the general case.

To prove our main result, we need to investigate a family of partitions of [n] with a given
distance to the planted partition P = (P;)*_,. It will be convenient to represent partitions as
k x k matrices that capture the way how these partitions overlap with P. Let A = (4;)%_,
be any partition of [n] into k parts. Then, the signature of A (with respect to P) is defined
as the matrix X = X(A) = (z;)1<i<j<k, where

2., = AiN Pl
v nfk

Note that for the signature to be well defined, one needs to fix the labelling of both P and
A. To compute the distance between P and A, one needs to align these labels as best as
possible (see Lemma 3.1 below), but the modularity score clearly does not depend on the
way the labels are aligned (see Lemma 4.1 below). Note also that, trivially, ;; > 0 for all
i,7 € [k]. Moreover, since A; U---U Ay, = [n], for any j € [k],

Sy - /kZlAﬂPI—”j,l . 0

1€ k] i€ (k]

(7)

Finally, note that the signature of the planted partition P is the matrix Y7 = (Yij)1<i<j<k
with y;; = 1 for all ¢ € [k] and y;; = 0 for all i # j.

In our first lemma, we rewrite the distance between any partition A and the planted
partition P in a convenient form, namely, as a function of the signature of A. The proof is
short so we give it below.

» Lemma 3.1. Suppose that n is divisible by k. Let A be any partition of [n] with k parts,
and let P be the planted partition. Let X = X(A) = (xij)1<i<j<k be the signature of A.
Then,

k
d(A,P)=1-— %mameU(i)i, 9)

i=1
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where the mazimum is taken over all permutations of [k].
Moreover, d(A,P) < 1 —1/k and this upper bound is sharp, that is, there exists a
partition A such that d(A,P) =1 — 1/k, provided that n is divisible by k>.

Proof of Lemma 3.1. Equality (9) follows immediately from the definition of the signature
n (7) and the definition (3) of the distance between the two partitions. Indeed,

1 1 1
d(A,P)=1- fmaxZ|Ag(z) NP|l=1- fmaxeU(z)r (n/k)=1- fmaxeU(z)l

i=1

It remains to show that d(A, P) <1 — 1/k or, equivalently, that max, Zle To(iyi > 1.

Consider the sum S =3 Zle T (i)i, where the outer sum is taken over all k! permuta-
tions of [k]. Clearly, there are k! - k terms in S and for each a,b € [k], the term x4 occurs
exactly (k — 1)! times (¢ has to be equal to b and there are (k — 1)! permutations that map b
to a). Hence, for each j € [k], the sum Zle x;; (which is equal to 1 by (8)) occurs (k — 1)!
times. We conclude that S = k- (k — 1)! = k!. By an averaging argument, there exists a
permutation & for which Zle Ts(;); > 1. Hence, max, Zle To(i)i > Zle T(;); > 1, thus
the desired inequality holds.

Assume now that n is not only divisible by k but, in fact, it is divisible by k2. We
construct a partition A by partitioning each P; into k equal parts and then picking 1/k
fraction of each P; to form A; of size n/k. This partition has signature X with x;; = 1/k
for all 7,7 € [k]. We get that max, Zle To(i)i = Zle 1/k = 1, which shows that the upper
bound is sharp. This finishes the proof of the lemma. <

4 Ingredients of the proof: Concentration

The signature of A not only determines the distance between A and P but, more importantly,
it predicts (up to an arbitrarily small error in a sufficiently dense graph G) the modularity
score g4(G) of A for G € G(n, k,p,q) generated by the SBM. Indeed we will prove that the
modularity score of A is well-approximated by a scaling of g(X), a function only of the
signature X of A that is defined by

S DD S (0

i=11<j<j'<k

» Lemma 4.1 (Concentration of modularity). Fiz a > b > 0 and integer k > 2. Let
p=pn)=wa/n and ¢ = q(n) = w b/n. For any ¢ > 0, there exists c = c(e) such that if
w > ¢ forn large enough, then the following holds with probability at least 1 — € provided n
1s large enough.

Let G € G(n,k,p,q). For all k-part partitions A,

a—b 9(X)
(a+ (k—1)b) k2

Q.A(G) - <g,

where X = X (A) = (24)1<i,j<k is the signature of A and g(X) is defined in (10).

Recall that the planted partition P has signature Y7 = (yij)1<i<j<k with y;; =1 for all
i € [k] and y;; = 0 for all i # j. Since g(Y”) = k- (k — 1), we get that ¢p(G) is very close to

(1-3) =t

As one might want to use this result for other purposes, we state it (and prove it, of
course) without assuming that n is divisible by k. The proof of Lemma 4.1 can be found in
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the full version of the paper, though we describe some intermediate steps below. One of these
intermediate steps concerns the modularity score of partitions A with given signature X on
a deterministic weighted graph. This can be regarded as a mean-field calculation. Indeed,
working with the deterministic weighted graph means we may consider, for example, the
edge-weight of edges in part A; between the planted blocks P; and P, which corresponds to
the expected number of such edges. After that step, it remains only to make a link between
the modularity scores of our random graph and those of the deterministic weighted graph.

5 Ingredients of the proof: Optimisation

We have now established that, up to small errors, we may consider g(X) as our objective
function, and have re-written our distance to the planted partition in terms of X. Thus, the
new aim is to maximise g(X) given the distance of X to the planted partition Y.

» Lemma 5.1. Let 0 <t < 1. Define Xj(t) to be the family of matrices X = (x;j)1<i<j<k

such that
x;5 >0, for all i, j € [K],
inj =1 for all j € [K], (11)
inj =1t, and
i#5

Z T;; > max Z To(i)i-
Let g(X) be defined as in (10). Then,

(i) L
X) = k(k—1) — 2t (k—t(k—1 X)={X :
x?;?ﬁt)g( ) = k(k—1) = 2t(k—t(k—1)) and arnglgﬁt)g( ) ={X;7(t) = i# g},

where, fori # j, X,gij)(t) is the k x k matriz with z;; =t, ;; = 1 —t, all other diagonal
elements 1 and non-diagonal elements 0 (i.e., Tqoq =1 for all a # j and x4, =0 for alla # b

such that (a,b) # (i,7)).

Note that in the optimiser X,gi’j)(t), the row sums are (1+¢,1—4¢,1,...,1), corresponding
to part sizes (1/k +d,1/k —d,1/k,...,1/k) - n in the partition at distance d < 1/k with
d =t/k (or, thus, equivalently, ¢t < 1).

The following lemma shows that the maximal g(X) for signatures at distance d > 1/k
(i.e., for t > 1) is at most the maximal g(X) for signatures at distance d = 1/k. This result
is important to several of our proofs as it will allow us to infer that partitions A with high
modularity scores must be at distance d < 1/k from the planted partition.

» Lemma 5.2. Consider Xy (t) as defined in (11), and g(X) as defined in (10). Then, for
anyt>1,
X)<k(k—-1)-2.
22X 9(X) <k(k—1)
The optimisation problems in Lemmas 5.1 and 5.2 are quadratic maximisation problems.
(Note that in general quadratic maximisation problems are NP-hard [32].) We prove both

lemmas in Appendix C. Lemma 5.1 is the last ingredient needed to prove Theorem 2.6, which
gives the likely optimal modularity score over all partitions at distance d € [0,1/k] from
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the planted partition. (Recall that we will prove our main OGP result, Theorem 2.2, in
Appendix D by appealing to Theorem 2.6.) Lemma 5.2 is used to show slow mixing of a
natural MCMC in Theorem B.2.

To understand how these lemmas fit in, recall that the distance to the planted partition
P of a partition A with signature X is d(A,P) = 1— £ max, >, T,(i); = 1 min, D it Toli)is
by Lemma 3.1 and since Zj ry; = 1 for each i, so that z,;); = 1 — Zj: i To(i)j- The
condition ), 2 Tij =1 corresponds to enforcing a distance of ¢/k from the planted partition,
and the argmax tells us the set of partitions that achieve the maximal modularity score at
distance t/k. Note that, for ¢ = 1, i.e. at distance of d = 1/k from the planted partition,
X ,iij )(1) is the signature for the ‘decoy’ partition D where two planted blocks P; and P; are
placed within the same part, and all other planted blocks are placed within their own part —
see also Figure 1.

6 Discussion and the case of optimising only over balanced partitions.

The literature contains positive results, with algorithms using local updates based on the
modularity function to recover communities in the SBM [10, 11]. This paper proves OGP,
a signature of algorithmic hardness, for such algorithms.

Of course this does not give rise to a contradiction, since the setups in [10, 11] and ours
are subtly different and also OGP has been exhibited for problems known to be easy [22].
However, it leads to interesting open questions, probing which of the differences in the two
setups are important. We describe this now in more detail.

As mentioned earlier, for £ = 2 communities and starting with a random partition into
equal-size parts, a local algorithm based on the modularity function was shown to recover the
planted communities [10]. The local moves for this algorithm take the form of a swap, which
takes pairs of vertices, one from each part, and swaps them if this increases the modularity
score. This naturally maintains equal-size parts. For general k, an algorithm with parallel
local updates based on the modularity function was shown to recover the ground truth
partition [11]. We note that this parallel algorithm has a random balanced start and also a
mechanism to maintain the balanced sizes of parts during the algorithm.

For the overlap gap property that we establish, it was important that the ‘decoy’ parti-
tion D, which is an unbalanced partition into k — 1 parts, has a ‘surprisingly high’ modularity
given its distance of 1/k from the ground truth partition P. Furthermore, at distances
0 < d < 1/k from P modularity, optimal partitions are increasingly unbalanced, with part
sizes (1/k+d, 1/k —d, 1/k,...,1/k); see Lemma 5.1.

Perhaps a crucial difference in the two setups is that the positive results of [10, 11] had
balanced partitions, both in the initialisation as well as during the algorithm. We finally
show that if we introduced this balanced condition into our optimisation problem then it no
longer exhibits OGP. In particular, when considering max 4 g4 where the maximisation is
over balanced k-part partitions instead of all k-part partitions, we see that this no longer
exhibits OGP. We should note that this by itself does not imply success of particular greedy
algorithms — and hence fast algorithms. More work needs to be done to exhibit one (as
done in [10, 11]). In a similar vain, for the problem of sparse regression [17], in the regime
where OGP ceases to hold a greedy type algorithm was established to be effective. The
construction is not based on OGP. Instead it relies directly on the properties of the model,
which is typically the case.

To state this result, we fix the random graph G € G(n, k, p, q¢) under the conditions of
Theorem 2.6. It turns out that the maximum modularity of G only over balanced partitions
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at distance about 0 < d < 1 — 1/k from the planted partition P concentrates about some
function that now is decreasing in d:

» Proposition 6.1. Let X; be defined as in (11) with the additional restriction that ), x;; =1
for alli € [k]. Then g*™(t) = maxxexs g(X) is strictly decreasing on 0 <t <k —1.

Proposition 6.1 implies an analogue of Theorem 2.6, optimising now only over balanced

partitions, for 0 < d < 1 — 1/k, now with decreasing h(d), contrary to h(d).
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A A guide to the proofs given in the appendix

A.1 Main results: OGP for SBM and slow-mixing

The main results in the paper are that (a) for three or more communities, the stochastic
block model (SBM) exhibits the overlap gap property (OGP); and (b) failure of a natural
MCMC algorithm.

For (a), that SBM exhibits OGP, the statement is Theorem 2.2, and is proven in
Appendix D. Proving Theorem 2.2 requires understanding of the maximum modularity of
partitions within distance d < 1/k of the planted partition (Theorem 2.6). Indeed, proving
Theorem 2.6 is the main work of the paper, and we outline the steps in Appendix A.2.

For (b), the failure of a natural Markov Chain Monte Carlo (MCMC) algorithm, the
statement is Theorem B.2 (an informal version, Theorem 2.3, appeared in the body of the
paper). This algorithm is described in Appendix B, and we show in Proposition B.1 that it
will likely output a partition within distance o(1) of the planted partition P. However, the
main result is a negative one: Theorem B.2 shows that the time taken is exponentially large
in n. In Appendix B, we state and prove both Theorem B.2 and Proposition B.1, assuming
the OGP result stated in Theorem 2.2 and a bound on the maximum modularity of partitions
at distance d > 1/k of the planted partition (Lemma 5.2).

A.2 Putting it all together: Proving Theorem 2.6 (which proves
Theorem 2.2)

We outline the proof of Theorem 2.6; in terms of the three ingredients discussed in the main
body of the paper: distances to the planted partition (Section 3), concentration (Section 4)
and optimisation (Section 5).

An important definition was that of the signature X of a partition A; see (7). The
signature of A determines the distance between A and P. This was established in Section 3,
with all proofs contained within that section. The second and third ingredients, namely,
concentration and optimisation, were more involved. The optimisation results are included
in Appendix C, for the concentration results see the full version of the paper.

A.3 Ingredient: Concentration

We just saw that the distance of partition A to the planted partition is determined by
the signature of X. Moreover, the signature (up to a small error) defines the modularity
score g4(G) of A for G € G(n,k,p,q) generated by the SBM. This is established by the
concentration results in Section 4 which show that for A with signature X, the modularity
score g4(G) is very close to % 72 9(X). See (10) for a definition of g(X). The proofs
for the concentration results may be found in the full version of the paper.

A.4 Ingredient: Optimisation

We are interested in the maximum modularity at a given distance from the planted partition,
and the concentration results tell us, loosely, that the modularity score g4 (G) is quite close
to % 7z 9(X), where X is the signature of A. Hence, the remaining challenge is to
understand the maximal value of g(X) over signatures X of partitions at a given distance to

the planted partition P.
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We recall the setup for our optimisation problem. We have defined Xy (t) to be the family
of matrices X = (2;)1<i<;<k such that (11) holds. Recall from (10) that we have defined
9(X) to be g(X) = Zf:1 El§j<j’§k(xij — x0)%

The two main optimisation results are to (a) understand max ¢ x, +) 9(X) for ¢ € [0,1]
(corresponding to d < 1/k); and (b) upper bound max x ¢ x, ¢) 9(X) for t > 1 (corresponding

tod > 1/k). For part (a), the result is stated in Lemma 5.1, and the proof is in Appendix C.1.

For part (b), the result is stated in Lemma 5.2, and the proof is in Appendix C.2.

A.5 Auxiliary result : Theorem 2.5

A result of Bickel and Chen [4] states that the modularity-optimal partition is likely to be
within small distance of the planted partition. We extend this to say that partitions with

modularity score very close to optimal are within a small distance of the planted partition.

See Theorem 2.5 for details, and the full version of the paper for proofs.

A.6 QOutline

We briefly outline the following sections. Appendix B proves the failure of MCMC algorithms,
and Appendix C proves the optimisation results. After these sections, we prove our main
result, that modularity in SBM has OGP, in Appendix D. See the full version of the paper for
the proofs of the auxiliary result Theorem 2.5, and the proof Proposition 6.1 which concerns
the setting in which we restrict to optimising only over balanced partitions.

B Failure of the Markov Chain Monte Carlo algorithm

Throughout this section we consider k-partitions with & fixed. We denote g4 = qa(G),
g* = ¢*(G) for brevity. The OGP immediately implies the failure of a natural Greedy

algorithm for finding the planted partition P when started from the decoy partition D.

More specifically, Greedy is an algorithm resulting in a sequence of partitions A; built as
follows: We initialise the Greedy algorithm in the decoy partition, i.e., A9 = D. Given
A;_1, the partition A; is obtained by changing the membership of at most one node u € [n]
such that the resulting modularity strictly increases. That is, A; is any partition satisfying
d(As, Ai—1) = 1/n and ga,(G) > qa,_,(G). If no such node u exists, then the algorithm
stops and outputs the partition obtained in the final step. By the OGP, the Greedy algorithm,
initiated at the decoy partition D, terminates at this partition with distance at least 1/k
from the ground truth.

A natural generalisation of the Greedy algorithm, which is guaranteed (as we will show)
to output a partition approximately matching the planted partition P, is the well-known
Markov Chain Monte Carlo (MCMC) algorithm which we now describe. Our main result in
this section is the proof of slow mixing of this MCMC. In particular, we will show that the
time it takes for the algorithm to approximately produce an planted partition is exponentially
large in n.

We begin by describing the MCMC algorithm. A parameter usually called the inverse
temperature [ is fixed. The algorithm proceeds as a Markov chain moving according to the
following rules. Given any partition A, consider any partition A" with d(A, A") = 1/n. Then
the algorithm moves from 4 to A’ with probability proportional to exp(fnga), namely with
probability

NN exp(fngar)
HAT ) S e
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where here the sum is over all partitions B with d(A, B) = 1/n. (Note that we choose this
parametrisation so that the stationary distribution is informative.) It is known that the
unique stationary distribution of this chain is the so-called Gibbs distribution given by

]PGibbs(A) = %anA)v
where Z = ) s exp(fngg) is the normalising constant, which is also called the partition
function, and now the sum is over all partitions B.

We first show that this algorithm is sound, in the sense that for large enough g it produces
partitions that are close to the ground truth P.

» Proposition B.1. For every € > 0,( > 0, there exists large enough B > 0 such that
> Peins(A) > 1—c.
Az d(AP)<C

In words, the probability mass of partitions with distance at most ¢ from the planted partition
constitutes at least a 1 — ¢ fraction of the total probability mass. Thus, if the algorithm
were to run until stationarity, then a partition sampled according to the Gibbs distribution
is likely to be at most ¢ close to the ground truth, modulo an at most ¢ likelihood event.

Proof of Proposition B.1. Given any ¢ > 0 let £(¢) = {A: d(A,P) <(}. Fixe,( > 0. By
Theorem 2.5, we can find § > 0 small enough so that, with probability at least 1 —e/2, the
event occurs that every A satisfying g4 > ¢* — 0 satisfies A € £(¢). On this event,

Z exp (Bnga) < k™ exp(Bn(q* — 9)).
AZE(Q)

Fix 8 large enough so that logk — 8§ < —1 (any strictly negative constant will do). Then,
this sum is at most exp(—n) exp(BSng*), so that

Z Paibbs(A) < exp(—n) ZXP(ﬁnq )
AZE(C)

exp(—n) exp(Sng*)
exp(Bng*)
= exp(_n) < 5/27

for large enough n. Combining this event with the complement event, which occurs with
probability at most /2, we complete the proof. |

Our main result, described next, shows that unfortunately the time to stationarity is
exponentially large in n when the chain is initiated at a large enough distance from the
partition, appropriately defined. Worse than that, the time to reach even one partition
close to the ground truth is exponentially large in n, again when the chain is initiated at a
large distance from the ground truth. This means that the set of such starting points acts
as a metastable set. See [7] for a discussion on metastability, and [12] for an example of
metastability in random regular graphs.

In preparation for the proof of this claim, we recap some of the properties implied by
the OGP and an auxiliary lemma: there exist 0 < v1 < v < 1 and ¢;, co > 0 such that the
following holds. Let

Eclose = {-A d(P,A) < Vl}a
gfar = {A d(P;A) Z V2}a
Sbtw = {A d(P,A) € (1/1,112)}.
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Then, by Theorem 2.2 and Lemma 5.2 with probability at least 1 — ¢,

argmaxqga - gclose7 (12)
a >qF — 13
Amax g4 ¢ —a, (13)
ma <q"—c —co. 14
JaX qASq —a-c (14)

We now state our lower bound result.

» Theorem B.2. Consider the MCMC initiated at the Gibbs distribution conditioned on
being in . Namely, suppose

Pcibbs (A)
PAg=A) = ,
( 0 ) ZBE&M- HDGibbs (B)

for all A € &y, and P(Ap = A) = 0 otherwise. Let 7 = min{t: A; € Eqoset- There exist
cs,cq > 0 such that with probability at least 1 — e (with respect to the randomness of the

graph)

P (7 > exp(csn)) > 1 — exp(—cyn),
where the probability is with respect to the random choices of the MCMC.

Proof. We assume that the events (12)-(14) hold, which is the case with probability at least
1 — e. We note that the events Ay € Epar, Ar € Eclose IMply the existence of s < 7 such that
Ay € Epw. For every positive integer t,

P (A; € Evtw, Ao € Erar)
P (-AO S gfar)

P (A: € Eptw)

- P(Ao S gfar) '

P (At c 5btw|~’40 S gfar) =

We have

P(A; € Eptw) < k" exp(Bn(q” — c1 — ¢2)),
P (A; € Erar) > exp(Bn(q* — c1)).

Thus the ratio is at most k™ exp(—fncz). Assuming § is large enough so that logk— ey < —1
(again any negative constant suffices), this ratio is at most exp(—n). By the union bound,
we obtain that P(7 < exp(n/2)) < e"/2e™™ = e~"/2, completing the proof. <

C Optimisation lemmas for modularity at a given distance

In this section we prove that the function g(X) has the required behaviour. Recall that by
Theorem 2.6 with probability close to one, the modularity of any partition A with signature
X can be well approximated by W‘fl)b 79(X).

In particular, we are interested in the maximum modularity score for partitions at a
given distance d; and this we can control by understanding the maximum of g(X) for

signatures X at distance d; or, equivalently, the maximum of k—lz g(X), which we call ﬁ(d)

(See also the discussion after Theorem 2.6.) This will correspond to the maximisation problem
h(d) = 77 MaXyex, (ak) 9(X) for the k-block SBM, and re-scaled distance ¢ = dk.

These results naturally split into two. For d < 1/k, we solve this optimisation in
Lemma 5.1, while, for d > 1/k, we show in Lemma 5.2 that h(d) < h(1/k), i.e., that the
value of g is bounded above by its maximum at d = 1/k.
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The stochastic block model has the overlap graph property for modularity

C.1 Proof of the general case for distance d < 1/k

Proof of Lemma 5.1. Let t = dk and consider first 0 < ¢t < 1. We will prove the result by
successively eliminating the variables.

We begin by giving an equivalent optimisation problem with k(k — 1) variables. Since
the columns of the matrix X sum to 1, we may reduce the number of variables by writing
Ty =1— Zi,:i,# x4, and maximising the resulting §(z12,...,%k—1, ) obtained from g(X)
by making these substitutions for z;;.

In particular, let

.)? = {(l‘ij)i;,gj L Ty Z 0Vi 7é j, Z Tij S 1 VJ and in]‘ = t}. (15)

it i#] i#]
Thus it will suffice to show max _z g(x) has the bounds claimed. (We write x, since we have
now a subset of variables of the matrix X.)

Notice that if we have equality for x;; + z;; = 1 for some i,4’,;j all distinct, then
> 2 Tij = 1, which yields a contradiction since ¢ < 1. Thus, it is equivalent to consider
the maximisation problem over /'Fl, where we require strict inequality for the terms, i.e.,
Tij + x5 < 1. Let

.521 = {(xij)i¢j DTy >0Vi 75 7 Z Ti; < 1 VJ and Zl‘ij = t}. (16)
it ij i#£j
It now suffices to show that max__ % g(x) satisfies the claimed bounds.
We may remove one more variable. Note from the constraints that we have

o1 = t— E Lij-
i
(i,5)#(2,1)

Let g be § making this substitution (i.e., s is a function on k% — k — 1 variables), and let

Xo = {(2ij)ims )22y T > 0V(i,5) with i # j, (i, 5) # (1,2), Z zip <1
i1 1>3
Y @y <1Vj>2 and > ay <t} (17)
it it e
i,5)#(2,1)

Thus, finally, it suffices to show that max__z 7o (z) satisfies the claimed bounds.

Recall that the maximum of a convex function is obtained on the boundary. Note also that
we may apply this recursively, since if we set any inequality in (17) to equality, then we may
make a substitution to reduce the number of variables by 1, and we obtain a maximisation
problem for a convex function (on one fewer variables). Thus, the max of o(z) over z € X,
is obtained when at least k? — k — 1 of the inequalities in (17) are equality.

Observe that there are k? — k — 1 inequalities in (17) (which are not strict inequalities),
so the maximum is obtained when we set all but (at most) one of these to equality.

We consider two cases. The first case is that we have z;; = 0 for all (¢,j) with i #
J, (i,7) # (2,1). Notice that this fixes the value of all variables, and that the remaining
inequalities in (17) are all satisfied. The value of go(x) attained is that of g(X) with @9 =t
(and @;; = 0 for all (i, 7) with i # j, (¢,7) # (2,1), and x; = >_,/ . ;s @ir; for all i). Note that
this yields the matrix X >V (¢), and, moreover, that g(X Y (t)) = k(k—1) — 2t(k—t(k—1)).

The second case is that there exist a,b (where (a,b) # (2,1)) such that

> wy=t and w;; =0 forall (i,5) with i # j, (i.j) # (2,1), (a,b).

i#]
(4,5)#(2,1)
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Notice that this fixes the value of all k2 — k — 1 variables: x4 = t and all remaining
variables take the value 0, and that this assignment satisfies the remaining inequalities
in (17). The value of §s(x), attained is that of g(X) with z,, =t (and z;; = 0 for all (4, j)
with i # j, (4,5) # (a,b), and xi; = 7,4, Tiri for all i). Note that this yields the matrix
X(@(t), and, moreover, that again g(X(*¥)(t)) = k(k—1) — 2t(k—t(k—1)) for any such
(a,b). This completes the proof. <

C.2 Proof for the general case d > 1/k

Here we prove Lemma 5.2, which will allow us to infer that partitions A with high modularity
scores must be at distance d < 1/k from the planted partition.

Proof. Consider any partition A with signature X = (mij)lgigjgk that is at distance more
than 1/k from the planted partition P. Our goal is to show that g(X) < k(k—1) — 2.
Suppose that there exists a column j € [k] (say, j = 1) in X with at least two non-zero
entries (say, 11 > 0 and z9; > 0). Consider a family of signatures X (s) that is parametrised
by variable s, as follows: for a given s € [—x11, x91], matrix X (s) is exactly the same as X
but z1; is replaced with x11 + s and 2 is replaced with x9; — s. Of course, X = X(0).
Note that g(X(s)) is a quadratic function of s with a positive coefficient in front of s2.
As a result, at least one of the following two properties holds: (i) g(X(s)) increases as s
increases from s = 0 to s = w21 (which is equivalent to transferring a weight from z9; to
x11); or (i) g(X(s)) increases as s decreases from s = 0 to s = —x1; (which is equivalent to
transferring a weight from 217 to x91). Note that it might be the case that g(X(s)) attains
its local minimum at s = 0 and both properties hold at the same time. Regardless, we may
start from s = 0 and either increase or decrease s to gradually increase g(X(s)). While

we do this, the distance to the planted partition P does not need to behave monotonically.

However, it is easy to see (but it is crucial for the argument) that the distance to P is a
continuous function of s. Once we are done with transferring the weight, we get an additional
zero entry in our signature matrix, and we can move on to the next pair of non-zero entries,
possibly in a different column j.

We need to consider two cases now. Suppose first that during the above process the
distance to P is equal to 1/k. We prematurely stop the process at the very first time this
happens, and let Y be the signature we have at that moment. Since we kept increasing the
function g along the way, it follows from Lemma 5.1 (applied with ¢ = 1) that

o(X) <g(V) < max g(X) = k(k—1) =2
which finishes the proof of the lemma in this case.

Suppose now that the distance from A to P was always more than 1/k, but we had to
stop the above process of transferring weights at some point because each column had exactly
one non-zero entry (of course these non-zero entries must be equal to one). This means that
each part of A is a union of some planted parts, and the distance between A and P is equal
to i/k for some integer i > 2.

Now, take any part which is a union of » > 2 planted parts and split it into two parts,
consisting of » — 1 and a single planted part, respectively. After such partition refinement, the
function g increases. Indeed, before splitting the part with r planted parts, the contribution
of that part to the function g is r(k —r), but after splitting, the two resulting parts contribute
(r—1)(k—r+1)+ (k—1), which is equal to r(k — r) + 2(r — 1) > r(k — r). We continue
such refinements of partitions until the distance to P is 1/k. At that point, the partition A
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with signature Y has one part consisting of two planted parts, while the remaining parts
consist of just one planted part. The conclusion is as before:

9(X) <g(Y) = X?)?;C)%I)Q(X) =k(k—1)-2.

This finishes the proof of Lemma 5.2. |

D Proof of Theorem 2.2 : SBM has OGP

Proof of Theorem 2.2. We will prove Theorem 2.2 using Theorem 2.6, our concentration
result in Lemma 4.1, and the optimisation result in Lemma 5.2.
First, we will set up the range for the distances. Recall that h(d) is a quadratic function

of d, with minimum at ﬁ See also Figure 2. Take any v € (2(1@7171)’ %), choose

k 2(k—1)

Let ng be the smallest integer such that 1/\/ng <v' —v < ﬁ -

Next, we define y = #‘fl)b (R(0)—R(v")). Choose a positive & < #‘fl)b (h(¥") = h(v)).
Then, by Theorem 2.6, we obtain that parts (i) and (ii) below hold with probability at least
1 — ¢, and for n > ng large enough:

(i) For all partitions A at distance d € [0,/ —v) and at distance d € (1/k — (v' —v),1/k], it

holds that

V=2.v4+1% 1 andlet v € [O, +) be the unique number such that h(v") = h(v').

a—2b a—2b a—2b

mh(d) —&> 7])}1(1//) =

94(G) > a+(k—-1)

a+ (E—=1)b h0) =

(ii) For any partition .4 at distance d € (ﬁ, V) - [O, ﬂ,

a—2b a—2> a—>b

qA(G)<mh(d)+€<mh(l//):m

h(0) — p.

Together, (i) and (ii) establish Theorem 2.2. <
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