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Abstract14

We prove that whenever d = d(n) → ∞ and n − d → ∞ as n → ∞, then with high probability for15

any non-trivial initial colouring, the colour refinement algorithm distinguishes all vertices of the16

random regular graph Gn,d. This, in particular, implies that with high probability Gn,d admits a17

canonical labelling computable in time O(min{nω, nd2 + nd log n}), where ω < 2.372 is the matrix18

multiplication exponent.19
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1 Introduction27

Given an input graph G, a canonical labelling algorithm computes a bijection πG : V (G) 7→28

{1, . . . , n} with the following property: if a graph G′ is isomorphic to G, then the relabelled29

versions of G and G′, under the actions of πG and πG′ , are identical. There is a linear time30

reduction from the graph isomorphism problem to canonical labelling: once the labellings31

πG, πG′ have been computed for two input graphs G, G′, it takes time O(|E(G)|) to check32

whether G, G′ are isomorphic. The best known (in the worst case) algorithm for the graph33

isomorphism problem is due to Babai [6, 27]: it runs in time exp(O(log3 n)) for n-vertex34

graphs. A quasi-polynomial bound exp(O(logc n)) is also known for the canonical labelling35

problem [7]. Nevertheless, for graphs with bounded degree, both problems can be solved in36

polynomial time [9, 40]. In particular, this is the case for d-regular graphs when d = const.37

In this paper, we show that there exists a polynomial-time canonical labelling algorithm for38

almost all d-regular graphs for all 0 ≤ d ≤ n − 1.39

Colour refinement (CR) is a simple algorithmic routine that operates on vertex-coloured40

graphs. For an input graph G with initial colouring C0, CR iteratively computes new41

colourings. At round t, Ct(v) is a pair (Ct−1(v), Ct−1(N(v))), where Ct−1(N(v)) is the42
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124:2 Canonical labelling of random regular graphs

multiset of Ct−1-colours of neighbours of v. That is, the process refines the initial partition43

C0 and halts once the partition stabilises. Let us call a colouring discrete if every pair44

of vertices is coloured differently. If CR runs on an uncoloured graph (i.e., there is only45

one initial colour) and outputs a discrete colouring, then, since the vertex colours are46

isomorphism-invariant, this yields a canonical labelling by numbering the colour names in the47

lexicographic order. In [8, 18, 25], it was proved that CR run on a binomial random graph48

G(n, p)1 outputs a discrete colouring with high probability (whp, in what follows)2 whenever49

(1 + ε) ln n
n < p ≤ 1

2 , which implies a near linear time algorithm for canonical labelling of50

G(n, p) [12].51

We stress that for regular uncoloured graphs G, CR terminates immediately with a trivial52

colouring, and is therefore unsuitable for canonical labelling. For a positive integer n, we53

denote [n] := {1, . . . , n}. Let d ≤ n − 1 be a non-negative integer such that dn is even. Let54

Gn,d be a uniform distribution over all d-regular graphs on [n]. We write Gn ∼ Gn,d for a55

graph sampled from this distribution, i.e. Gn is a uniformly random d-regular graph on [n].56

Since, for constant d, efficient canonical labelling algorithms are known, we focus on the case57

d = ω(1). Moreover, since the edge complement of a d-regular graph is (n − 1 − d)-regular,58

the edge complement of Gn,n−1−d is distributed as Gn,d. Therefore, we may restrict ourselves59

to d ≤ n/2. Our main result shows that the triviality of the initial colouring is the only60

obstacle for a complete refinement: once a non-trivial initial colouring is produced, whp CR61

run on Gn ∼ Gn,d outputs a discrete colouring which is suitable for canonical labelling.62

Before we state the main result of this paper, we need one more definition. For a connected63

graph G, we denote by diam(G) its diameter.64

▶ Theorem 1. Let d0 be large enough, let d = d(n) be such that d0 ≤ d ≤ n/2, and let65

Gn ∼ Gn,d. Then, the following holds whp: for every non-trivial partition [n] = V1 ⊔ V2 of66

the vertex set of Gn, CR runs at most 2 diam(Gn) + 3 steps on Gn and outputs a discrete67

colouring.68

We note that we did not try to optimise the bound on the number of rounds, and we69

believe that 2 diam(Gn) + 3 is suboptimal. In particular, for d ≥ n1/2+ε, we show that70

2 diam(Gn) + 1 = 5 rounds is enough. Actually, it is natural to suspect that the total number71

of rounds needed is (1 + odiam(Gn)(1)) diam(Gn) whp.72

We now describe a possible approach to canonical labelling of Gn ∼ Gn,d based on our73

main result. Since the output of CR can be computed in time O((n + |E(G)|) log n) on an74

n-vertex graph G [12], Theorem 1 reduces the problem to efficiently finding an isomorphism-75

preserving partition of [n]. To this end, recall that, for any d = ω(1), whp Gn contains a76

triangle [32]. Let ti be the number of triangles that contain the vertex i ∈ [n] in Gn, and77

let t = max{t1, . . . , tn}. Using fast square matrix multiplication, it is possible to compute78

the vector (t1, . . . , tn) in time nω, where ω < 2.372 [1]. Alternatively, this vector can79

be computed in time O(nd2) using the standard triangle-listing algorithm [16], which is80

faster when d < n0.685, assuming the best known upper bound on the matrix multiplication81

exponent ω (and yields the bound o(n2) for d = o(
√

n), which is faster than any algorithm82

based on square matrix multiplication since ω ≥ 2). Then, we can partition [n] into sets83

V1, V2 where V1 contains all vertices i for which ti = t and V2 contains the rest.84

Since whp Gn contains a triangle, V1 is non-empty. When d = o(n1/3), the number of85

triangles is sublinear whp (by Claim 9 below), which immediately implies that there are86

1 The vertex set of G(n, p) is {1, . . . , n}, and each pair of vertices is adjacent with probability p = p(n),
independently of the other pairs.

2 A sequence of events Bn holds with high probability if P(Bn) → 1 as n → ∞.
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vertices that do not belong to a triangle, and so the set V2 is non-empty as well. In order to87

show that V2 is non-empty (i.e., that there are two vertices u, v with tu ̸= tv) whp when d =88

ω(n1/3), fix two vertices u, v and expose their neighbourhoods N(u), N(v). Then expose the89

edges inside N(u). Assuming tu = tv, the set of exposed edges identifies the number of edges90

that have both endpoints in N(v) but not in N(u) (that is, in E(Gn[N(v)]) \ E(Gn[N(u)])).91

By standard counting arguments (or using switchings), it follows directly that, for any92

fixed x = x(n) ∈ Z≥0, the probability that the latter set contains exactly x edges tends93

to zero. Finally, when d = Θ(n1/3), it is known that the number of triangles Xn in Gn94

satisfies a central limit theorem: Xn−EXn√
VarXn

converges in distribution to a standard normal95

random variable as n → ∞ [21]. In particular, if P(∀i ti = t) > ε, then P(3Xn/n ∈ Z) > ε,96

contradicting the central limit theorem. Therefore, we get the following.97

▶ Corollary 2. Let d = d(n) be such that d → ∞ and n − d → ∞, and let Gn ∼ Gn,d. There98

exists an algorithm that runs in time O(min{nω, nd2 +nd log n}) on d-regular n-vertex graphs99

and whp outputs a canonical labelling of Gn.100

1.1 Related work101

In [13, 37], it is proved that, when d ≤ nε, for a sufficiently small ε, then with high probability102

Gn ∼ Gn,d admits a canonical labelling via the 2-dimensional Weisfeiler-Leman algorithm103

(2-WL) [49], which is a generalisation of CR where the colouring is applied to pairs of vertices,104

and whose running time is O(n3 log n) [28]. The weaker version of 2-WL suggested by105

Bollobás [13] canonically labels Gn in time O(n3/2+ε) whp. Moreover, Kučera [37] claimed106

that his version of the algorithm runs in average time O(nd) for d = O(1) which we failed to107

verify3. We therefore conclude this paragraph by asking whether there exists a linear-time108

algorithm — running in time O(nd) on d-regular n-vertex graphs — that canonically labels109

Gn whp, at least for some 3 ≤ d ≤ n/2.110

For binomial random graphs G(n, p), the study of canonical labelling algorithms has been111

more extensive. Babai, Erdős, and Selkow [8] proved that CR outputs a canonical labelling112

of G(n, 1/2) in linear time whp since it performs only a bounded number of refinement steps.113

The argument of [8] can be extended to show [14, Theorem 3.17] that the CR colouring114

of G(n, p) is whp discrete for all n−1/5 ln n ≪ p ≤ 1/2. Bollobás [13] showed a polynomial115

time canonical labelling algorithm for c1
ln n

n ≤ p ≤ c2 n−11/12 for some positive constants c1116

and c2, which is a weaker version of 2-WL. The next improvement was obtained by Czajka117

and Pandurangan [18]: they extended the range of applicability of CR to ln4 n
n ln ln n ≪ p ≤ 1

2 ,118

which was finally extended to (1 + ε) ln n
n ≤ p ≤ 1

2 by Gaudio, Rácz, and Sridhar [25].119

Linial and Mosheiff [39] showed that 2-WL outputs canonical labelling of G(n, p) whp when120

1
n ≪ p ≤ 1

2 . Finally, a polynomial time algorithm that labels canonically G(n, p) whp for all121

0 ≤ p = p(n) ≤ 1 was independently established in [5, 47], with CR as the main ingredient.122

A partition [n] = V1 ⊔ . . . ⊔ Vt of the vertex set of a graph G is called equitable if, for any123

3 The paper does not provide a proof of this fact. However, the algorithm computes the vertices on shortest
cycles as a subroutine and uses the following assertion [37, Theorem 3.1]: All cycles of the length k in
d-regular graph can be found in time O(n min{n, (d−1)k/2}). First, we believe that the factor (d−1)k/2

should instead read (d − 1)⌈k/2⌉ (for instance, it is unclear how all triangles could be found in time
nd1.5, say in a union of (d + 1)-cliques, there are Θ(nd2) triangles, which gives the lower bound Ω(nd2)
on time needed to list them). Second, this bound (even with the fractional power) is not enough to get
the expected time O(nd). Indeed, Gn has a triangle with asymptotic probability 1 − exp(−(d − 1)3/6).
So we get the bound on the expected time to be at least (1 − exp(−(d − 1)3/6) − on(1))nd1.5 ∼ nd1.5

as d → ∞.

ICALP 2026
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1 ≤ i, j ≤ t, any two vertices in Vi have exactly the same number of neighbours in Vj . Clearly,124

if a graph G admits a non-trivial equitable partition V1 ⊔ . . . ⊔ Vt, then CR does not refine it.125

The opposite statement is also true — if there is a partition that CR does not refine, then126

this partition is equitable. Clearly, Theorem 1 implies that whp CR refines any non-trivial127

partition of Gn,d with any number of parts. Therefore, it implies that whp Gn ∼ Gn,d does128

not have an equitable partition other than those with 1 part or n parts. If a graph G has a129

non-trivial automorphism group Aut(G), then for any non-trivial automorphism σ ∈ Aut(G),130

its cycle decomposition identifies an equitable partition of G. Since no graph with three or131

more vertices has a cyclic automorphism group acting without fixed points, the absence of a132

non-trivial equitable partition implies the absence of non-trivial automorphisms. As a result,133

Theorem 1 implies that Gn is asymmetric whp for all d such that d → ∞ and n − d → ∞.134

This is a known result for the entire range 3 ≤ n ≤ d − 4, having been first established for135

d = o(
√

n) in [42] and then for d ≫ log n in [31].136

1.2 Proof strategy137

The key step to obtain Theorem 1 is to show that after some number of rounds of CR,138

one can coarsen the partition associated with colours to get a partition with k parts of139

comparable size (for any desired arbitrarily large constant k). The following statement makes140

this precise. Note that we may coarsen a partition at any stage of the CR algorithm if it141

is convenient for the argument that follows. Clearly, one may couple the original process142

with the modified one so that the partitions in the original process are refinements of the143

corresponding partitions in the modified one. In particular, if the modified process reaches144

discrete colouring, then so does the original one.145

▶ Theorem 3. Let d0 be large enough, let d0 ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. Let146

k ∈ N be an arbitrary constant. Then, the following holds whp: for every non-trivial partition147

[n] = V 0
1 ⊔ V 0

2 of the vertex set of Gn, after diam(Gn) + 2 rounds of CR, there exists a148

partition [n] = V1 ⊔ . . . ⊔ Vk such that for any i ∈ [k], n/3k ≤ |Vi| ≤ 3n/k and Vi is a union149

of some colour classes (in other words, V1 ⊔ . . . ⊔ Vk is a coarsening of the partition associated150

with resulting colour classes).151

Once there are many parts of linear and comparable sizes, CR distinguishes all vertices152

after some additional number of rounds.153

▶ Theorem 4. Let d0 be large enough, let d0 ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. There154

exists some universal large constant k ∈ N such that the following holds whp: for every initial155

partition [n] = V1 ⊔ . . . ⊔ Vk such that for any i ∈ [k], n/3k ≤ |Vi| ≤ 3n/k, CR terminates156

on Gn after at most diam(Gn) + 1 rounds and outputs a discrete colouring.157

Theorem 1 follows immediately from Theorem 3 and Theorem 4. To prove each of these158

two theorems, we address two regimes for d separately: the dense case of d ≥ n1/2+ε, and the159

sparse case with d0 ≤ d ≤ n10/17. The corresponding statements are reiterated in Sections 3,160

4, 5, and 6. Theorem 3 for d ≥ n1/2+ε is proved in Section 3. Its proof consists of two parts.161

First, we show that whp after one refinement round there exists a coarsening [n] = U1 ⊔ U2162

of the CR-partition such that |U1|, |U2| ≫ n/d, see Claim 16. One more round is needed to163

get all colour classes of size at most δn, for an arbitrary constant δ > 0, see Claim 17. The164

latter claim follows from the fact that there is no large set with all vertices having the same165

degree profile with respect to (U1, U2). This is the main technical complication in the proof166

of Section 3 in the dense case: although this fact is easy to show in G(n, p), in random regular167

graphs we cannot rely on local limit theorems. Instead we use asymptotic estimations of168
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the number of graphs with a given degree sequence as well as anti-concentration properties169

of hypergeometric distribution. The sparse case d = o(n) is addressed in Section 4. Here,170

we show that, for every initial colouring V1 ⊔ V2, where |V1| < cn, for a sufficiently small171

constant c > 0, after a few rounds of colour refinement, we will get a union of colour classes172

U of size |U | ∈ [cn/d, cn] (Lemma 14). One more round is needed to get a set U ′ of size173

|U ′| ∈ [nℓ/d, 0.999n], for an arbitrarily large constant ℓ (Lemma 22). Then, similarly to174

the dense case, we show that there is no set of size more than δn such that all its vertices175

have same number of neighbours in U ′, that gives us the desired partition (Lemma 20). All176

three lemmas rely on switching arguments. In particular, the last two lemmas use switchings177

to establish an analogue of Erdős–Littlewood–Offord theorem in the context of uniformly178

random graphs with a fixed degree sequence.179

Theorem 4 is proved in Sections 5 and 6. The dense case is significantly easier. For180

instance, when d = Θ(n), two refinement rounds are enough to obtain a discrete colouring181

whp. Indeed, let u, v be two fixed vertices. Expose the neighbourhoods N(u), N(v), and182

all the edges that touch N(v). The exposed edges identify degree profiles of vertices in183

N(u) \ N(v) with respect to the fixed partition. Since the latter set has size Θ(n), it is184

extremely unlikely that all the degrees are equal to the fixed values. Clearly, the probability of185

this event is
(

1/
√

n/k
)Θ(kn)

in G(n, p), which is enough to overcome the union bound, with186

room to spare. In order to transfer this bound to random regular graphs, we use asymptotic187

enumeration of graphs with a given degree sequence and anti-concentration inequalities for188

hypergeometric distribution, as for the dense case in Theorem 3. For n1/2+ε ≤ d = o(n),189

we need one additional refinement round in order to reach a set of vertices at distance at190

most 2 from {u, v} of size Θ(n). The sparse case d ≤ n10/17, addressed in Section 6, requires191

a more delicate switching argument and constitutes the most technical part of the paper.192

Here, in order to reach a set of size Θ(n), from fixed vertices u, v, we need diam(Gn) rounds.193

Then, in contrast to the sparse case in Theorem 3, we need a multidimensional analogue of194

Erdős–Littlewood–Offord theorem (Claim 29), since the degree profiles are considered with195

respect to k sets of the partition. Nevertheless, the claim can still be established by applying196

a similar switching argument Θ(k) times.197

1.3 Organisation198

We start by presenting some preliminary results on properties of random graphs and concen-199

tration inequalities in Section 2. The rest of the paper is devoted to the proof of Theorems 3200

and 4 which immediately imply our main Theorem 1. Theorem 3 is proved across Sections 3201

and 4 where the dense and sparse cases are treated respectively. Sections 5 and 6 are devoted202

to the dense and sparse cases of Theorem 4.203

1.4 Notation204

For a graph G, a set of vertices U ⊆ V (G), and a non-negative integer r, we denote by Sr(U)205

the sphere of radius r around U in the graph metric, omitting the dependency on G since the206

underlying graph is always clear from the context. That is, Sr(U) consists of vertices v such207

that the length of a shortest path from v to U equals r. In particular, S0(U) = U . We also208

denote Br(U) = ∪0≤i≤rSi(U) the ball of radius r around U . We sometimes denote S1(U) by209

N(U) and refer to it as the neighbourhood of U . For a set of vertices X and a vertex x /∈ X,210

we denote by NX(x) the number of neighbours of x in X. We also use the standard notation211

G[U ] for the subgraph of G induced by a set U ⊆ V (G), and G[U × V ] for the bipartite212

subgraph with (disjoint) parts U and V , consisting of all edges of G with one endpoint in U213

ICALP 2026



124:6 Canonical labelling of random regular graphs

and the other in V . We often write A ⊔ B to denote the union of two disjoint sets A and214

B. Finally, for a random variable X with distribution Q, we write X ∼ Q. In particular,215

X ∼ Bin(n, p) is a binomial random variable with n trials and success probability p.216

2 Preliminaries217

In this section, we collect some probabilistic tools as well as properties of random reg-218

ular graphs that we will use in the main proofs to follow. Proofs of Lemma 5, Corol-219

lary 6, Lemma 8, and Lemma 14 appear in the extended version of the paper [29].220

2.1 Concentration Inequalities221

We will use the following specific instances of Chernoff’s bound. Let X ∼ Bin(n, p). Then, a222

consequence of Chernoff’s bound (see [30, Theorem 2.1]) is that for any t ≥ 0 we have223

P(X ≥ EX + t) ≤ exp
(

− t2

2(EX + t/3)

)
(1)224

P(X ≤ EX − t) ≤ exp
(

− t2

2EX

)
. (2)225

The same bounds hold for a random variable with the hypergeometric distribution with226

parameters N , n, and m (see [30, Theorem 2.10]).227

2.2 Properties of Binomials228

Let us start with a few auxiliary observations.229

▶ Lemma 5. For all positive integers b1 < a1, b2 < a2,

aa

bb(a − b)a−b
≥ aa1

1 aa2
2

bb1
1 (a1 − b1)a1−b1bb2

2 (a2 − b2)a2−b2
,

where a = a1 + a2 and b = b1 + b2.230

The preceding lemma has a useful corollary, which we record as follows.231

▶ Corollary 6 (Anti-concentration of hypergeometric distribution). For integers 0 < b1 < a1,232

0 < b2 < a2,233 (
a1

b1

)(
a2

b2

)
≤
(

a

b

)
, (3)234

and235 (
a1

b1

)(
a2

b2

)
≤ 2

3

√
b(a − b)a1a2

ab1(a1 − b1)b2(a2 − b2)

(
a

b

)
, (4)236

where a = a1 + a2 and b = b1 + b2. In particular, for all integers 0 < b < a and positive237

integers k,238 (
a

b

)k

≤
(

a

b(a − b)

)(k−1)/2(
ka

kb

)
. (5)239

Moreover, for all integers 0 < b < a,240 (
2a

2b

)
≤ 4
√

b(a − b)
a

(
a

b

)2
≤ 2

√
a

(
a

b

)2
. (6)241
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2.3 Counting Graphs242

For a given degree sequence d = (d1, . . . , dn), we will use g(d) to denote the number of243

graphs on the vertex set [n] with the degree sequence d. The following result gives precise244

(asymptotic) bounds on g(d) (up to a multiplicative constant) for any degree sequence245

satisfying some mild condition. Dense graphs were investigated in [43] but the result was246

generalised to sparser graphs in [38].247

▶ Theorem 7 ([38, 43, 44]). Let d = (d1, . . . , dn) be any degree sequence such that
∑n

i=1 di

is even and for all i ∈ [n], |di − d| ≤ d1/2+ε′ for some ε′ > 0, where d is the average degree.
Let m be the number of edges, and η = 1

n

∑n
i=1(di − d)2. Suppose that 1 ≪ d ≤ (1 − ε0)n for

some ε0 > 0. Then,

g(d) =
∏n

i=1
(

n−1
di

)
m1/2

((n
2)
m

) exp
(
O(1) − Θ(η2/d2)

)
.

We say that a sequence d = (d1, . . . , dn) is balanced if |di − dj | ≤ 1 for any 1 ≤ i < j ≤ n.248

The next observation is that g(d) is maximized (over all sequences with a fixed even sum)249

when d is balanced.250

▶ Lemma 8. Fix m ∈
[(

n
2
)]

. The number of graphs on n vertices and m edges with a
specified degree sequence d = (d1, . . . , dn) (in particular,

∑
di = 2m) is maximized when the

degree sequence is as even as possible. In other words,

max
{

g(d) :
∑

di = 2m
}

= g(d̂),

where d̂ is the degree sequence, unique up to order, with only ⌊
∑

di/n⌋ and ⌈
∑

di/n⌉.251

We also recall the probability bound on the event that a uniformly random graph with a252

given degree sequence contains a specified set of edges.253

▷ Claim 9 ([41]). Let Gn be a uniformly random graph on the vertex set [n] with a fixed
degree sequence (d1, . . . , dn). Let H be a graph on [n] with degree sequence (d′

1, . . . , d′
n) such

that d′
i ≤ di for all i ∈ [n]. Let m = 1

2
∑

di and m′ = 1
2
∑

d′
i be the number of edges in Gn

and H, respectively. Let d = max{d1, . . . , dn} = o(m1/2) and let m′ ≤ m/2. Then,

P(H ⊆ Gn) ≤
∏n

i=1 di(di − 1) . . . (di − d′
i + 1)

2m′(m − 2d2)(m − 2d2 − 1) . . . (m − 2d2 − m′ + 1) .

254

We note that Claim 9 immediately implies the following.255

▷ Claim 10. Under the assumptions of Claim 9, for all n large enough when the degree
sequence is regular,

P(H ⊆ Gn) ≤ (2d/n)|E(H)|
.

2.4 Sandwiching Graphs256

Consider the binomial random graph G(n, p) which has vertex set [n] and each potential edge257

is included independently at random with probability p; p = p(n) could be, and usually is, a258

function of n that tends to zero as n → ∞. Since the independence of the edges allows the259

use of a wide variety of techniques, G(n, p) is typically much easier to study compared to260

Gn,d. As a result, it is tempting to hope for a general purpose “black box” theorem that is261

able to translate results between G(n, p) and Gn,d. In 2004, Kim and Vu [33] formalized this262

desire in their famous “sandwich conjecture”. After more than 20 years and a number of263

important contributions [19, 22, 23, 34, 24], the conjecture was finally proved [11].264
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▶ Theorem 11 (Theorem 1.1 [11]). For each ϵ > 0 there is some C > 0 such that the265

following holds for each d ≥ C log n. There is a coupling (G∗, G, G∗) of random graphs such266

that G∗ ∼ G(n, (1 − ϵ)d/n), G ∼ Gn,d, G∗ ∼ G(n, (1 + ϵ)d/n), and whp G∗ ⊂ G ⊂ G∗.267

2.5 Expansion Properties268

We will use the expansion properties of random d-regular graphs that follow from their269

eigenvalues. The adjacency matrix A = A(G) of a given d-regular graph G on n vertices,270

is an n × n real symmetric matrix. Thus, the matrix A has n real eigenvalues which we271

denote by d = λ1 ≥ λ2 ≥ · · · ≥ λn. It is known that several structural properties of a272

d-regular graph are reflected in its spectrum. Since we focus on expansion properties, we are273

particularly interested in the following quantity: λ = λ(G) := max{|λ2|, |λn|}.274

The number of edges e(A, B) between two sets A and B in a random d-regular graph on275

n vertices is expected to be close to d|A||B|/n. (Note that A ∩ B does not have to be empty;276

in general, e(A, B) is defined to be the number of edges between A \ B to B plus twice the277

number of edges that contain only vertices of A ∩ B.) A small λ (that is, a large spectral278

gap) implies that the deviation is small. The following bound is very convenient.279

▶ Theorem 12 ([3, 35]). Let G be a d-regular graph. Then for any two sets of vertices
A, B ⊆ V (G), the number e(A, B) of edges of G with one endpoint in A and another endpoint
in B satisfies ∣∣∣∣e(A, B) − d|A||B|

n

∣∣∣∣ ≤ λ
√

|A||B|.

We will apply the Expander Mixing Lemma (Theorem 12) together with an asymptotic280

bound on λ for random regular graphs. It was first established by Friedman [20] for constant281

d ≥ 3, confirming the conjecture of Alon [2]. The case of d → ∞ was then conjectured282

by Vu [48]. After a series of important contributions [4, 15, 17, 36, 46], it was resolved for283

all d = o(n) by Bauerschmidt, Huang, Knowles, and Yau [10] and Sarid [45], and then for284

d = Θ(n) by He [26].285

▶ Theorem 13 ([10, 26, 45]). Let 3 ≤ d ≤ n/2 and Gn ∼ Gn,d. Then, whp λ(Gn) ≤286

(2 + o(1))
√

d(1 − d/n).287

We will also require a finer expansion result ensuring that, for every set, its size remains288

concentrated after several rounds of expansion.289

▶ Lemma 14. Let c > 0 be small enough and d0 ∈ N be large enough (independent of c).
Let d0 ≤ d ≤ n/2 and Gn ∼ Gn,d. Then, the following holds whp: for every set U of size
u = |U | ≤ cn

d and for every positive integer r such that ud(d − 1)r−1 ≤ cn,

|Sr(U)| ≥ (1 − 100c − 4 ln d/d)ud(d − 1)r−1.

3 Proof of Theorem 3: Dense Case290

Here we prove the following.291

▶ Theorem 15. Let ε ∈ (0, 1/2), n1/2+ε ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. Let k ∈ N292

be an arbitrary constant. Then, the following holds whp: for every non-trivial partition293

[n] = V 0
1 ⊔ V 0

2 of the vertex set of Gn, after two rounds of CR, there exists a partition294

[n] = V1 ⊔ . . . ⊔ Vk such that for any i ∈ [k], n/3k ≤ |Vi| ≤ 3n/k and Vi is a union of some295

colour classes.296
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Theorem 15 follows easily from the following two claims.297

▷ Claim 16. Let ε ∈ (0, 1/2), n1/2+ε ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. For every298

C > 1, the following property holds whp: for every non-trivial partition [n] = V1 ⊔ V2 with299

min{|V1|, |V2|} < Cn/d, after one round of CR, there exists a partition [n] = U1 ⊔ U2 with300

min{|U1|, |U2|} ≥ Cn/d such that U1 and U2 are unions of some colour classes (in other301

words, U1 ⊔ U2 is a coarsening of the partition associated with resulting colour classes).302

▷ Claim 17. Let ε ∈ (0, 1/2), n1/2+ε ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. For any303

δ ∈ (0, 1], there exists C = C(δ) > 0 such that the following property holds whp: for every304

non-trivial partition [n] = V1 ⊔ V2 with min{|V1|, |V2|} ≥ Cn/d, there is no colour class of305

size more than δn after one round of CR.306

The proof of the first claim is fairly straightforward and relies on the “sandwich theorem”307

(Theorem 11); it appears in the extended version of the paper [29]. Before we prove the308

second claim, let us show how they imply Theorem 15.309

Proof of Theorem 15. Since we aim for the statement that holds whp, we may assume that310

the statements in Claim 16 and in Claim 17 hold deterministically. Fix any k ∈ N, and let311

δ = 1/3k. Let C = C(δ) be the large enough constant implied by Claim 17.312

Consider any non-trivial partition [n] = V 0
1 ⊔ V 0

2 . If min{|V 0
1 |, |V 0

2 |} < Cn/d, then after313

one round of CR (and coarsening), we get a partition into two colour classes where both of314

the colour classes have size at least Cn/d (by Claim 16). After another round of CR, all315

colour classes have size at most δn = n/3k (by Claim 17). If min{|V 0
1 |, |V 0

2 |} ≥ Cn/d, then316

we get the above property after a single round of CR.317

To get the desired partition into k parts, each of size at least n/3k, one can iteratively318

merge any two colour classes of size at most δn until there is at most one such class remaining.319

After possibly merging this last class (if it exists) with any other arbitrarily chosen class, we320

get at least k = 1/3δ classes (but at most 3k of them), each of size at least δn = n/3k but at321

most 3δn. Finally, if there are more than k classes, one can arbitrarily merge some triples322

of them (and, perhaps, one pair) to get exactly k classes, each of size at most 9δn = 3n/k.323

This finishes the proof of the theorem. ◀324

In order to prove Claim 17, we will make use of the following simple observation (see its325

proof in the extended version of the paper [29]).326

▶ Lemma 18. Let ε ∈ (0, 1/2), n1/2+ε ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. For any δ > 0,
the following property holds whp: for any U ⊆ [n] of size u = |U | > δn and any V ⊆ [n] \ U

of size v = |V | ≥ 500n/(dδ), the number of edges e(U, V ) between U and V satisfies the
following bounds

0.8uv · d

n − 1 ≤ e(U, V ) ≤ 1.2uv · d

n − 1 .

Proof of Claim 17. Fix any δ ∈ (0, 1] and let C = C(δ) be a large enough constant that327

will be specified later. In particular, we will assume that C ≥ 500/δ so that we may apply328

Lemma 18.329

Suppose that there exists a partition [n] = V ⊔ ([n] \ V ) with Cn/d ≤ |V | ≤ n/2 such330

that after one round of CR there exists a colour class U of size more than δn. Note that331

this implies that every vertex in U has the same number of neighbours in V (hence every332

vertex in U also has the same number of neighbours in [n] \ V ). If U ⊆ V , then it will be333

convenient to concentrate on the number of neighbours in [n] \ V ⊆ [n] \ U but if U ⊆ [n] \ V ,334

then we will concentrate on the number of neighbours in V ⊆ [n] \ U . Our goal is to estimate335

ICALP 2026



124:10 Canonical labelling of random regular graphs

the probability of the weaker but necessary property that there exists a pair of sets (U, V )336

such that V ⊆ [n] \ U , |V | ≥ Cn/d, |U | > δn, and every vertex in U has the same number of337

neighbours in V .338

Fix V ⊆ [n] and U ⊆ [n] \ V such that v := |V | ≥ Cn/d and u := |U | > δn. Note that,339

in particular, v < (1 − δ)n. For each non-negative integer k ≤ v, define Ek(U, V ) to be the340

event that every vertex in U has exactly k neighbours in V . By Lemma 18, since we aim for341

a statement that holds whp, we may assume that the number of edges between U and V is342

at least 0.8uvd/(n − 1) and at most 1.2uvd/(n − 1). Hence, we may restrict to considering k343

such that344

0.8v · d

n − 1 ≤ k ≤ 1.2v · d

n − 1 . (7)345

First, note that the expected number of edges induced by [n] \ V is
(

n−v
2
)

· d
n−1 . We will

show that it is highly unlikely that the actual number deviates substantially from it. Let

m− = 0.9
(

n − v

2

)
· d

n − 1 and m+ = 1.1
(

n − v

2

)
· d

n − 1 .

By Theorem 7 and the Stirling’s formula (s! = (1+o(1))
√

2πs(s/e)s), letting d := (d, . . . , d) ∈346

Zn, the number of d-regular graphs on [n] can be estimated as follows:347

g(d) = Θ

 (
n−1

d

)n

√
dn
( (n

2)
dn/2

)
 (8)348

=
(√

n

2πd(n − d) ·
(1 + o(1))

(
n−1

e

)n−1(
d
e

)d (n−1−d
e

)n−1−d

)n

(

dn/2
e

)dn/2 (
n(n−1−d)/2

e

)n(n−1−d)/2

Θ(1)
(

n(n−1)/2
e

)n(n−1)/2

349

= Θ(1) ·
( (n

2
)

dn/2

)(
(1 + o(1))

√
n

2πd(n − d)

)n

=
( (n

2
)

dn/2

)
d−Θ(n).350

Hence, the probability that the number of edges induced by [n] \ V is at most m− or at least351

m+ can be upper bounded by352

∑
m≤m−
m≥m+

((n−v
2 )
m

)((n
2)−(n−v

2 )
dn/2−m

)
g(d) = nΘ(n)

∑
m≤m−
m≥m+

((n−v
2 )
m

)((n
2)−(n−v

2 )
dn/2−m

)
( (n

2)
dn/2

)353

= nΘ(n) · P (η ≤ m− or η ≥ m+) ,354

where η is the hypergeometric random variable with parameters
(

n
2
)
,
(

n−v
2
)
, and dn/2.

Clearly,

Eη = dn

2 ·
(

n−v
2
)(

n
2
) =

(
n − v

2

)
d

n − 1 = Θ(dn).

By Chernoff’s bound for hypergeometric distribution (see the comment right after (1), (2)),

P(η ≤ m− or η ≥ m+) = P (|η − Eη| ≥ 0.1Eη) = exp (−Ω (Eη)) = exp(−Ω(dn)).

Similarly, if |V | ≥ n3/4, then the expected number of edges induced by V is
(

v
2
)

· d
n−1 =355

Θ(v2d/n) and we get that with probability exp(−Ω(dv2/n)) = exp(−Ω(dn1/2)), the number356

of edges induced by V is at most 0.9
(

v
2
)

· d
n−1 or at least 1.1

(
v
2
)

· d
n−1 .357
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It remains to concentrate on the case when the number of edges induced by [n] \ V is
between m− and m+, that is, when the average degree of the graph induced by [n] \ V is at
least 0.9(n − 1 − v) · d

n−1 but at most 1.1(n − 1 − v) · d
n−1 . Let us first deal with the case when

|V | ≥ n3/4 so we may additionally assume that the average degree of the graph induced by
V is at least 0.9(v − 1) · d

n−1 but at most 1.1(v − 1) · d
n−1 . By Theorem 7 and Lemma 8,

P(Ek(U, V )) = e−Ω(dn) + e−Ω(dn1/2) + O

(∑
D

h(k, u, v, D)
)

,

where D denotes the number of edges between V and [n] \ (V ∪ U), and

h(k, u, v, D) :=
(

v
k

)u((n−v−u)v
D

)(
v−1

d−(D+ku)/v

)v( n−1−v
d−(D+ku)/(n−v)

)n−v( (v
2)

(dv−ku−D)/2

)( (n−v
2 )

(d(n−v)−ku−D)/2

)
g(d)

.

Indeed, there are at most
(

v
k

)u ways to place edges between U and V , and at most
((n−v−u)v

D

)
358

ways to place edges between V and [n] \ (V ∪ U). (Note that these values are trivial upper359

bounds but not the exact ones as some choices create vertices of degree more than d.) It360

remains to estimate the number of graphs induced by the set [n] \ V and the number of361

graphs induced by the set V . Importantly, once other edges are fixed, these graphs have a362

fixed degree distribution. In particular, the average degree of the graphs induced by [n] \ V is363

precisely f(D) := d − (D + ku)/(n − v). Similarly, the average degree of the graphs induced364

by V is f̃(D) := d − (D + ku)/v. Hence, we may use Theorem 7 and Lemma 8 to get365

upper bounds for the number of such graphs. (Let us point out that f(D) and f̃(D) are366

not necessarily integers. However, to keep the notation simple, we write
(

n−1−v
f(D)

)n−v instead367

of the product of n − v terms, each of them being
(

n−1−v
⌊f(D)⌋

)
or
(

n−1−v
⌈f(D)⌉

)
.) Finally, since the368

average degree of the graph induced by [n] \ V and the one induced by V are restricted, D369

satisfies the requirements370

0.9(n − 1 − v) · d

n − 1 ≤ f(D) ≤ 1.1(n − 1 − v) · d

n − 1 (9)371

0.9(v − 1) · d

n − 1 ≤ f̃(D) ≤ 1.1(v − 1) · d

n − 1 . (10)372

There are three binomials in the numerator of h(k, u, v, D) that are raised to powers that373

are functions of n. We need to take advantage of them using Corollary 6 (see (5)). By (9),374 (
n − 1 − v

f(D)

)n−v

≤
(

(1 + o(1))(n − 1 − v)
f(D)(n − 1 − v − f(D))

)(n−v−1)/2((n − v)(n − v − 1)
d(n − v) − ku − D

)
375

≤
(

1 + o(1)
0.9 · δ · d · (1 − 1.1 · 0.5)

)(n−v−1)/2((n − v)(n − v − 1)
d(n − v) − ku − D

)
376

≤
(

3
δd

)(n−v−1)/2((n − v)(n − v − 1)
d(n − v) − ku − D

)
. (11)377

Similarly, by (10),378 (
v − 1
f̃(D)

)v

≤
(

(1 + o(1))(v − 1)
f̃(D)(v − 1 − f̃(D))

)(v−1)/2(
v(v − 1)

dv − ku − D

)
379

≤
(

1 + o(1)
0.9 · (vd/n) · (1 − 1.1 · 0.5)

)(v−1)/2(
v(v − 1)

dv − ku − D

)
380

≤
(

3n

vd

)(v−1)/2(
v(v − 1)

dv − ku − D

)
. (12)381
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Finally, by (7),382 (
v

k

)u

≤
(

v

k(v − k)

)(u−1)/2(
vu

ku

)
≤
(

1 + o(1)
0.8vd/n(1 − 1.2 · 0.5)

)(u−1)/2(
vu

ku

)
383

≤
(

4n

dv

)(u−1)/2(
vu

ku

)
. (13)384

For future reference, let us highlight that (12) only holds when v ≥ n3/4, whilst the other
two bounds (11) and (13) hold in general. Substituting in these three bounds, we get

h(k, u, v, D) = O

n
3
2

( 4n
dv

)u
2
(

vu
ku

)((n−v−u)v
D

) ( 3n
vd

) v
2
(

v(v−1)
dv−ku−D

) ( 3
δd

)n−v
2
((n−v)(n−v−1)

d(n−v)−ku−D

)
( (v

2)
(dv−ku−D)/2

)( (n−v
2 )

(d(n−v)−ku−D)/2

)
g(d)

 .

Now, by Corollary 6 (see (6)), the latter quantity equals385

386

O

n7/2

( 4n
dv

)u/2 (vu
ku

)((n−v−u)v
D

) ( 3n
vd

)v/2 ( (v
2)

(dv−ku−D)/2

) ( 3
δd

)(n−v)/2 ( (n−v
2 )

(d(n−v)−ku−D)/2

)
g(d)

 .387

By Corollary 6 (see (3)), we can collect all binomial coefficients together to get388

h(k, u, v, D) = O

n
7
2

( 4n
dv

)u
2
( vu+(n−v−u)v+(v

2)+(n−v
2 )

ku+D+(dv−ku−D)/2+(d(n−v)−ku−D)/2

) ( 3n
vd

) v
2
( 3

δd

)n−v
2

g(d)

389

= O

n7/2

( 4n
dv

)u/2 ( (n
2)

dn/2

) ( 3n
vd

)v/2 ( 3
δd

)(n−v)/2

g(d)

 .390

Using (8) we get that

g(d) ≥ Ω(1)
( (n

2
)

dn/2

)
((2 + o(1))πd)−n/2 ≥

( (n
2
)

dn/2

)
(7d)−n/2,

and so391

h(k, u, v, D) = O

(
n7/2

(
4n

dv

)u/2(3n

vd

)v/2( 3
δd

)(n−v)/2
(7d)n/2

)
392

= O

(
n7/2

(
4n

dv

)u/2(
δn

v

)v/2(21
δ

)n/2
)

.393

Now, let h(v) := (δn/v)v/2 and note that h′(v) = 1
2 (δn/v)v/2(log(δn/v) − 1). Hence, h(v) is

maximized for v = δn/e and we get that for any positive integer v,(
δn

v

)v/2
≤ max

v
h(v) = exp

(
δn

2e

)
≤ 2n/2 ,

since exp(δ/e) ≤ exp(1/e) ≈ 1.445 ≤ 2. It follows that394

h(k, u, v, D) = O

(
n7/2

(
4n

dv

)u/2(42
δ

)n/2
)

= O

n7/2

((
4
C

)δ

· 42
δ

)n/2
 = O

(
5−n

)
,395
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provided that C is large enough so that
( 4

C

)δ · 42
δ < 1/52. Since δ is fixed, this condition can

be easily satisfied and we may now finally define the constant C:

C = C(δ) := max
{

4
(δ/1200)1/δ

,
500
δ

}
.

We conclude that if |V | ≥ n3/4, then

P(Ek(U, V )) = e−Ω(dn) + e−Ω(dn1/2) + O

(∑
D

h(k, u, v, D)
)

= O
(
n2 5−n

)
.

If v < n3/4 then, as mentioned earlier, we do not get the term
( 3n

vd

)(v−1)/2 in the estimation
of h(k, u, v, D) (see (12)). However, for v < n3/4, this term does not help us much anyway:( 3n

vd

)(v−1)/2 = exp(−Θ(v log v)) ≥ exp(−n4/5). Hence, regardless of the size of V ,

P(Ek(U, V )) = O
(

n2 exp(n4/5) 5−n
)

.

Finally, by the union bound,

P (∃k, U, V Ek(U, V )) ≤ n · 2n · 2n · O
(

n2 exp(n4/5) 5−n
)

= o(1),

which finishes the proof of the theorem. ◀396

4 Proof of Theorem 3: Sparse Case397

Sparser graphs clearly require more rounds of CR. Consider any d-regular graph with diameter398

D and let u and v be any two vertices at distance D from each other. CR run on the initial399

partition V1 = {v} and V2 = [n] \ {v} requires at least D − 2 rounds to converge. Indeed,400

after D − 2 rounds there are at least two vertices at distance at least D − 1 from v that are401

still of the same colour.402

▶ Theorem 19. Let d0 be large enough, let d0 ≤ d = o(n), and let Gn ∼ Gn,d. Let k ∈ N403

be an arbitrary constant. Then, the following holds whp: for every non-trivial partition404

[n] = V 0
1 ⊔ V 0

2 of the vertex set of Gn, after at most diam(Gn) + 2 rounds of CR, there exists405

a partition [n] = V1 ⊔ . . . ⊔ Vk such that for any i ∈ [k], n/3k ≤ |Vi| ≤ 3n/k and Vi is a union406

of some colour classes.407

4.1 Anti-concentration Results408

▶ Lemma 20. Let ℓ be a large enough constant, and let d0 = d0(ℓ) be another large enough409

constant. Let d0 ≤ d = o(n) and Gn ∼ Gn,d. Then, the following property holds whp: for410

every set U of size |U | ∈ [ nℓ
d , n

2 ] and every non-negative integer s, the number of vertices in411

[n] \ U that have exactly s neighbours in U is at most 10n/ ln ℓ.412

Proof. Due to Claim 10, the probability that there exists a set U of size m ∈ [nℓ/d, n/2]413

and a set V ⊂ [n] \ U of size t = 10n/ ln ℓ such that the number of edges between U and V414

is more than dm/4 is at most415

n/2∑
m=nℓ/d

(
n

m

)(
n

t

)(
mt

dm/4

)(
2d

n

)dm/4
≤

n/2∑
m=nℓ/d

(en

t

)t
(

en

m
·
(

4et

d
· 2d

n

)d/4
)m

416
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≤ (ln ℓ)t

n/2∑
m=nℓ/d

(
ed

ℓ
·
(

300
ln ℓ

)d/4
)m

417

≤ n(ln ℓ)10n/ ln ℓ (1/2)(nℓ/d)d/5 = o(1).418

Therefore, it suffices to prove the lemma for s such that 10sn/ ln ℓ < dm/4. So, we may419

assume that s < dm ln ℓ/(40n). On the other hand, by the Expander Mixing Lemma and420

Theorem 13, whp the number of edges between any set U of size m/2 and any set V ⊂ [n] \ U421

of size t is at most 3td/4. So, we may also assume that s < 3d/4.422

Next, by the Expander Mixing Lemma and Theorem 13, whp, for every set U of size423

m ∈ [nℓ/d, n/2] and every set V ⊂ [n] \ U of size t, there are at least md/3 edges between U424

and [n] \ (U ∪ V ), and at most 2d(n − m − t)/3 edges between [n] \ (U ∪ V ) and U ∪ V .425

Fix a set U of size m ∈ [ nℓ
d , n

2 ] and a set V ⊂ [n] \ U of size t. Fix a non-negative
integer s ≤ min

{ 3d
4 , dm ln ℓ

40n

}
. Let us estimate the probability that every vertex from V

has exactly s neighbours in U . Let us order the vertices in V arbitrarily: x1, x2, . . . , xt,
where t = |V | = 10n/ ln ℓ. Let E be the event that every xi has s neighbours in U . Let
hin ≥ d(n − m − t)/6 and hout ≥ md/3 be integers such that

P(E ∧ {|E(Gn[[n] \ (V ∪ U)]| = hin, |E(Gn[U × ([n] \ (U ∪ V ))]| = hout}) is maximum.

Let Σ0 be the set of all d-regular graphs G on [n] satisfying E and such that G[[n] \ (V ∪ U)]426

and G[U × ([n] \ (U ∪ V ))] have exactly hin and hout edges, respectively. The following claim427

completes the proof of Lemma 20, see the proof in the extended version of the paper [29].428

▷ Claim 21. P(Gn ∈ Σ0) ≤ ℓ−t/5.429

Indeed, by the union bound over U, V and the number of edges outside of V (hin, hout),430

we get that probability that there exist sets V, U such that E holds is at most431

o(1) + (nd)2
n/2∑

m=nℓ/d

(
n

m

)(
n

t

)
ℓ−t/5 ≤ o(1) + n42n

( en

tℓ1/5

)t

432

≤ o(1) + n42n

(
ln ℓ

ℓ1/5

)10n/ ln ℓ

≤ o(1) + n42ne−n = o(1).433

◀434

▶ Lemma 22. Let ℓ be large enough constant, and let d0 = d0(ℓ) be another large enough435

constant. Let d0 ≤ d = o(n) and Gn ∼ Gn,d. Then, the following property holds whp: for436

every set U of size |U | ∈ [ n
2d , nℓ

d ] and every integer s such that 1 ≤ s ≤ ℓ, there are at most437

0.999n vertices that have exactly s neighbours in U .438

Proof. By the Expander Mixing Lemma and Theorem 13, whp every set V of size n/4439

induces at most dn/15 edges. Let E be the event that there exists a set V of size n/4 with440

more than dn/15 edges.441

Let ε = 0.001. Fix a set U of size m ∈ [ n
2d , ℓn

d ] and a set V = {x1, . . . , xt} ⊂ [n] \ U442

of size n(1 − ε). Divide V = V ′ ⊔ V ′′, where V ′ consists of the first n/4 vertices. Expose443

edges inside V ′ and assume that E := E(V ′) has size at most dn/15. Let Ṽ ′ ⊂ V ′ be the set444

of vertices that have at most d/2 neighbours in V ′. Clearly, |Ṽ ′| ≥ n/12. Without loss of445

generality, we assume Ṽ ′ = {x1, . . . , xt′}, where t′ ≥ n/12.446

Let Σ0 be the set of d-regular graphs G on [n] such that G[V ′] = E and each vertex in447

V has exactly s neighbours in U . Let Σ1 be the set of d-regular graphs G on [n] such that448

G[V ′] = E and449
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x1 has s + 1 neighbours in U ,450

each vertex x2, . . . , xt has exactly s neighbours in U , except for some xi ∈ V ′′, whereas451

xi has s − 1 neighbours in U ,452

We shall prove that |Σ1| ≥ |Σ0|/3. Take G ∈ Σ0 and consider a tuple of vertices (y, u, v)453

such that454

y ∈ V ′′, u ∈ U , v ∈ V ′′,455

and {x1, y}, {u, v} ∈ E(G), {x1, u}, {y, v} /∈ E(G).456

If we switch457

{x1, y}, {u, v} 7→ {x1, u}, {y, v}, (14)458

we get a graph from Σ1. For every G ∈ Σ0 the number of forward switchings is at least
(d/2 − s)(((3/4 − ε)n − d)s − sd). On the other hand, for every graph G ∈ Σ1, the number
of backward switchings is at most (s + 1)(3n/4)d. We get

|Σ0|(d/2 − s)(((3/4 − ε)n − d)s − sd) ≤ |Σ1|(s + 1)(3n/4)d

implying |Σ1| ≥ |Σ0|/3, as desired.459

We now let Σ2 be the set of d-regular graphs G on [n] such that460

|NU (x1)| ∈ [s, s + 1],461

x2 has s + 1 neighbours in U ,462

each vertex x3, . . . , xt has exactly s neighbours in U , except for xi1 ∈ V ′′ (when |NU (x1)| =463

s) and xi1 , xi2 ∈ V ′′ (when |NU (x1)| = s + 1) that have s − 1 neighbours in U .464

Take G ∈ Σ0 ∪ Σ1 and consider a tuple of vertices (y, u, v) such that465

y ∈ V ′′, u ∈ U , v ∈ V ′′, and |NU (v)| = s,466

and {x2, y}, {u, v} ∈ E(G), {x2, u}, {y, v} /∈ E(G).467

If we switch as in (14), then we get a graph from Σ1. For every G ∈ Σ0 ∪ Σ1 the number of
forward switchings is at least (d/2 − s)(((3/4 − ε)n − d − 1)s − sd). On the other hand, for
every G ∈ Σ1, the number of backward switchings is at most (s + 1)(3n/4)d, as before. Thus

|Σ0 ∪ Σ1|(d/2 − s)(((3/4 − ε)n − d − 1)s − sd) ≤ |Σ2|(s + 1)(3n/4)d

implying |Σ2| ≥ |Σ0 ∪ Σ1|/3, as well.468

Similarly, we define Σ3, . . . , Σn/12. For the i-th set Σi, we get that

|Σ0 ∪ . . . ∪ Σi−1|(d/2 − s)(((3/4 − ε)n − d − (i − 1))s − sd) ≤ |Σi|(s + 1)(3n/4)d,

implying |Σi| ≥ |Σ0 ∪ . . . ∪ Σi−1|/3 for all i. In particular, we get469

|Σ7| ≥ |Σ0| + |Σ1| + . . . + |Σ6|
3470

≥ |Σ0| + |Σ0|/3 + (|Σ0| + |Σ1|)/3 + . . . + (|Σ0| + . . . + |Σ5|)/3
3471

>
|Σ0| + |Σ0|/3 + 5(|Σ0| + |Σ0|/3)/3

3 >
7
6 |Σ0|.472

In a similar way, for every i, |Σ7i+7| ≥ |Σ7i|+...+|Σ7i+6|
3 > 7

6 |Σ7i|. Thus, we get |Σn/12| >473

(7/6)n/84|Σ0|, implying P(Gn ∈ Σ0 | E(Gn[V ′]) = E) < (7/6)−n/84. The union bound over474

U and V gives us that475
476

P(¬E) +
(

n

εn

)(
n

ℓn/d

) ∑
E: |E|≤dn/15

P(Gn ∈ Σ0 | E(Gn[V ′]) = E) · P(E(Gn[V ′]) = E)477

= o(1) + e(ε ln(e/ε)+o(1))n(7/6)−n/84 = o(1),478

which completes the proof of the lemma. ◀479
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4.2 Proof of Theorem 19480

With Lemmas 14, 20, and 22 at hand, we can easily prove Theorem 19.481

Proof of Theorem 19. Fix any k ∈ N, and let ℓ = e30k. Let c > 0 be a small enough482

constant as in Lemma 14. Let d0 = d0(ℓ) be a large enough constant as in Lemmas 14, 20,483

and 22. Moreover, we will adjust constants c or d, if needed, for some of the claims below to484

hold. Since we aim for the statement that holds whp, we may assume that the statements in485

Lemmas 14, 20, and 22 hold deterministically.486

Consider any non-trivial partition [n] = V 0
1 ⊔ V 0

2 . Our goal is to show that after at most487

diam(Gn) + 3 many rounds of CR, we get a partition into colour classes that have sizes at488

most n/3k. To get the desired partition into k parts, each of size at least n/3k but at most489

3n/k, one can iteratively merge colour classes as we did in the proof of Theorem 15.490

Let u = min{|V 0
1 |, |V 0

2 |} and let U be a colour class of size u. Suppose first that u < cn/d.
Let r be the largest integer such that ud(d − 1)r−1 ≤ cn. We may adjust c and d, if needed,
to make sure that 1 − 100c − 4 ln d/d ≥ 1/2, which, in particular, implies that c ≤ 1/200. It
follows from Lemma 14 that

|Sr(U)| ≥ (1 − 100c − 4 ln d/d)ud(d − 1)r−1 >
cn

2d
,

and clearly |Sr(U)| ≤ ud(d − 1)r−1 ≤ cn ≤ n/2. After r ≤ diam(Gn) − 1 rounds of CR,491

Sr(U) is a union of some colour classes. We may merge them together at this point and492

continue the process from there.493

Suppose now that U is a colour class of size u = |U | ∈ [ cn
2d , n

2d ]. Let U ′ be an arbitrary494

subset of U of size cn
2d . On the one hand, trivially, |S1(U)| ≤ d|U | ≤ n/2. On the other hand,495

it follows from Lemma 14 that |S1(U ′)| ≥ |U ′|d/2 = cn/4 which implies that |S1(U)| ≥496

|S1(U ′)| − |U | ≥ cn/4 − n/2d ≥ nℓ/d, when d is large enough. Since S1(U) is a union of497

some colour classes, we may merge them into one large class and continue from there.498

Suppose this time that U is a colour class of size u = |U | ∈ [ n
2d , nℓ

d ]. We may adjust
d, if needed, to make sure u ≤ nℓ

d ≤ n
2(ℓ+1) . After one round of CR, [n] \ U is partitioned

into sets Wi (i ∈ N ∪ {0}); set Wi consists of vertices with exactly i neighbours in U . Let
A =

⋃
i≤ℓ Wi and let B =

⋃
i≥ℓ+1 Wi. Clearly, |U | + |A| + |B| = n. Note that, on the one

hand, the number of edges between U and its complement is at least |B|(ℓ + 1). On the other
hand, it is trivially at most |U |d ≤ nℓ. We conclude that |B| ≤ ℓ

ℓ+1 n =
(

1 − 1
ℓ+1

)
n, and so

|A| = n − |B| − |U | ≥ n

ℓ + 1 − u ≥ n

2(ℓ + 1) .

Our goal is to show that one can always merge some sets Wi together to get a colour499

class of size at most n/2 but at least n
2(ℓ+1) , which is at least nℓ

d , provided that d is large500

enough. To that end, we will consider a few cases. If |A| ≤ n/2, then we can simply take501

the entire set A for the desired colour class. If |A| > n/2 but |A| ≤ (1 − 1/(ℓ + 1))n, then502

we may take the entire set B since |B| = n − |A| − |U | ≥ n/(ℓ + 1) − u ≥ n/2(ℓ + 1) and,503

trivially, |B| = n − |A| − |U | < n/2.504

It remains to concentrate on the case when |A| ≥ (1 − 1/(ℓ + 1))n. Suppose first that
|Wi| ≥ n/2 for some 0 ≤ i ≤ ℓ. It follows from Lemma 22 that |Wi| ≤ 0.999n. Then, we can
take A \ Wi for the desired colour class since, trivially, |A \ Wi| ≤ n − |Wi| ≤ n/2 and

|A \ Wi| ≥ |A| − |Wi| ≥ 0.001n − n

ℓ + 1 ≥ nℓ

d
,



M. Isaev, T. Makai, B. D. McKay, P. Pralat, J. Tan, M. Zhukovskii 124:17

provided that d is large enough. If n/4 ≤ |Wi| < n/2 for some 0 ≤ i ≤ ℓ, then we may simply505

take Wi as our colour class. Suppose then that |Wi| < n/4 for all 0 ≤ i ≤ ℓ. Then, we may506

start with set A and remove Wi’s, one by one, and at some point we get a set of size at most507

n/2 but at least n/4.508

Finally, suppose that U is a colour class of size u = |U | ∈ [ nℓ
d , n

2 ]. It follows immediately509

from Lemma 20 that after one round of CR, the complement of U is partitioned into sets of510

size at most 10n/ ln ℓ = n/3k. We can group some of them together to get a colour class of511

size at least n/3k ≥ nℓ/d but at most 2n/3k ≤ n/2 to make sure that after one more round512

U is also partitioned into sets of size at most n/3k. This completes the proof. ◀513

5 Proof of Theorem 4: Dense Case514

Here, we prove the following.515

▶ Theorem 23. Let ε > 0, let n1/2+ε ≤ d ≤ n/2, and let Gn ∼ Gn,d. There exists516

some universal large constant k ∈ N such that the following holds whp: for every partition517

[n] = V1 ⊔ . . . ⊔ Vk of the vertex set of Gn such that for any i ∈ [k], n/3k ≤ |Vi| ≤ 3n/k,518

after three rounds of CR, there are only singleton colour classes.519

We start from a simple auxiliary lemma, the proof of which is in the extended version of520

the paper [29].521

▶ Lemma 24. Let ε > 0, n1/2+ε ≤ d = d(n) ≤ n/2, and let Gn ∼ Gn,d. For every pair of522

vertices u, v ∈ [n], let Mu,v ⊂ N(u) and M ′
u,v ⊂ N(v) \ N(u) be sets of size ⌊n/(20d)⌋ chosen523

uniformly at random. Then the following events hold whp for any pair of vertices u, v in Gn:524

1. |N(u) ∩ N(v)| < 2d/3;525

2. |N(u) ∪ N(v) ∪ {u, v}| < 4n/5;526

3. |N(M ′
u,v) \ (N({u, v}) ∪ N(Mu,v))| > n/25 whenever d ≤ n/20.527

Proof of Theorem 23. Due to the Expander Mixing Lemma and Theorem 13, whp between528

any set N of size Ω(d) and any set W of size Ω(n), there are (1 ± o(1))|N ||W | d
n edges. We529

denote the intersection of this event with the event from the assertion of Lemma 24 by E .530

Suppose that k is as large as needed, and fix any partition [n] = V1 ⊔ . . . ⊔ Vk such that531

each part has size in the range [n/3k, 3n/k] as in the statement of the theorem. For each532

i ∈ [k], define di : [n] → Z so that di(w) = |Vi ∩ N(w)|. Finally, for each vertex u ∈ [n], we533

interpret ci(u) as the colour of u after i rounds of CR. For our goal, it suffices to show that534

whp no two vertices have the same value of c3(·).535

We proceed as follows. Fix a pair of vertices u, v ∈ [n] and expose the neighbourhoods of
u and v. Note that c3(u) = c3(v) if and only if there exists a bijection b : N(v) 7→ N(u) such
that for any w ∈ N(v) we have c2(b(w)) = c2(w). Fix such a bijection (in d! ways). Define
N ′ := N(v) \ (N(u) ∪ {u}). Choose arbitrarily a set M ′ ⊂ N ′ of ⌊n/(20d)⌋ vertices from N ′,
and let M = b(M ′) ⊂ N(u). Expose all edges that touch M ∪ N ′. Let

M ′′ = N ′ ∪ N(M ′) \ (N(u) ∪ N(M) ∪ {u, v}).

Due to symmetry we may assume |N(v) ∪ N(M)| ≥ |N(u) ∪ N(M ′)| and we extend the536

bijection b to an injection b : N(v) ∪ N(M) 7→ N(u) ∪ N(M ′) such that, for every w ∈ M537

and every w′ ∈ N(w), we get c1(b(w′)) = c1(w′) and b(w′) ∈ N(b(w)). The number of ways538

to define such an extension is at most (d!)n/20d.539

Let W := [n] \ ({u, v} ∪ N(u) ∪ N(v) ∪ N(M) ∪ N(M ′)), and Wi := W ∩ Vi. After
exposing every edge except those between M ′′ and W , we can determine the values of
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di(w) for every w ∈ N(M) (as every neighbour of every vertex in N(M) has been exposed).
Therefore, the injection b also identifies di(w) for every i ∈ [k] and every w ∈ M ′′. Let S

denote the number of pairs (i, w) with 1 ≤ i ≤ k and w ∈ M ′′ such that |Wi| ≥ n/(30k)
and |Wi|d/(2n) ≤ |N(w) ∩ Wi| ≤ 3|Wi|d/(2n). The number of ways to choose the remaining
neighbours of the vertices in M ′′ is

k∏
i=1

∏
w∈M ′′

(
|Wi|
di(w)

)
≤
(

960k

d

)S/2( |W ||M ′′|
dn/2 − m

)
,

where m is the number of exposed edges. Indeed for any positive integers a1, a2, b1, b2 with540

b1 ≥ b2 and bi ≤ 3ai/4 for i = 1, 2 we have by Corollary 6 that541 (
a1

b1

)(
a2

b2

)
≤ 2

3

√
(b1 + b2)(a1 + a2)a1a2

(a1 + a2)b1(a1 − b1)b2(a2 − b2)

(
a1 + a2

b1 + b2

)
542

≤ 8
3

√
b1 + b2

b1b2

(
a1 + a2

b1 + b2

)
≤ 4√

b2

(
a1 + a2

b1 + b2

)
.543

Let us show that the event E implies S ≥ kn/1100. Indeed, this event implies that544

|W | ≥ n/5 (if d > n/20, then W = [n] \ (N({u, v}) ∪ {u, v}) and has size at least n/5 by545

the second assertion of Lemma 24; if d ≤ n/20, then |W | ≥ n − 2d − 2(n/(20d))d > n/5).546

Therefore, there are at least n/6 vertices in the union of Wi such that |Wi| ≥ n/(30k). Thus,547

there are at least (n/6)/(3n/k) = k/18 such Wi. Fix such a Wi. Since E holds, any subset548

Ñ ⊂ M ′′ of size Ω(n) sends (1 ± o(1))|Ñ ||Wi| edges to Wi. Moreover, |M ′′| ≥ n/60. Indeed,549

if d > n/20, then M ′′ = N ′ which has size at least d/3 > n/60 by the first assertion of550

Lemma 24; if d ≤ n/20, then |M ′′| > n/25 by the third assertion. The event E also implies551

that number of vertices in M ′′ that have less than |Wi| d
2n or more than |Wi| 3d

2n edges in Wi,552

is o(n). So, indeed S > (1 − o(1))(k/18)(n/60) > kn/1100.553

Using (8) and letting g(d) = (d, . . . , d) ∈ Zn, the probability that there exists u, v ∈ [n]554

and a partition V1 ⊔ . . . ⊔ Vk such that c(u) = c(v) is then at most555

556

P(¬E) + 1
g(d)n22knd!

∑
N ′⊆[n]

∑
W ⊆[n]\N ′

dn/2∑
m=0

((n
2
)

− |N ′||W |
m

)(
960k

d

)S/2( |W ||N ′|
dn/2 − m

)
557

= o(1) + dΘ(n)
(

960k

d

)kn/2200
= o(1),558

when k is sufficiently large. This completes the proof of Theorem 23. ◀559

6 Proof of Theorem 4: Sparse Case560

Here we prove the following.561

▶ Theorem 25. There exists a universal constant k such that the following holds. Let562

d0 = d0(k) be large enough, let d0 ≤ d ≤ n10/17, and let Gn ∼ Gn,d. Then whp: for563

every partition [n] = V1 ⊔ . . . ⊔ Vk of the vertex set of Gn such that for any i ∈ [k],564

n/3k ≤ |Vi| ≤ 3n/k, after diam(Gn) + 1 rounds of CR, there are only singleton colour565

classes.566

We will use two direct corollaries of Lemma 14 from Section 4 in this proof. We first567

state these in Section 6.1, and then prove Theorem 25 in Section 6.2.568
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6.1 Sizes of Balls569

As in Lemma 14, let c > 0 be small enough and d0 be large enough. Let d0 ≤ d = o(n) and570

let Gn ∼ Gn,d. The following two lemmas are direct corollaries of Lemma 14.571

▶ Lemma 26. Whp, for every r such that d(d − 1)r−1 ≤ cn, the following holds572

for every vertex u,

|Sr(u)| ≥
(

1 − 100c − 4 ln d

d

)
d(d − 1)r−1;

for every pair of vertices u ̸= v,

|Sr(v) \ Br(u)| ≥ |Sr({u, v})| − |Br(u)| ≥
(

1 − 200c − 8 ln d

d
− 1

d − 2

)
d(d − 1)r−1.

Proof. The first assertion is just Lemma 14 applied with U = {u}. The second follows from573

|U | = 2 in Lemma 14 together with the basic bound |Br(u)| ≤
∑

i≤r−1 d(d − 1)i. ◀574

▶ Lemma 27. Whp575

for every set U of size cn
d , there are at least (1 − 4 ln d/d − 100c)cn vertices that have a576

neighbour in U ;577

for any two disjoint sets U, V of size cn/d, the number of vertices that have neighbours578

both in U and in V is at most |N(U)|/10.579

Proof. The first assertion follows immediately from Lemma 14 applied with r = 1. The580

second assertion follows as well since whp for any two disjoint sets U and V , the number of581

vertices that have neighbours in both sets is at most582

|N(U)| + |N(V )| − |N(U ∪ V )| ≤ 2d(cn/d) − (1 − 4 ln d/d − 100c)2cn583

= (4 ln d/d + 100c)2cn ≤ 1
10(1 − 4 ln d/d − 100c)cn ≤ |N(U)|/10.584

◀585

6.2 Colour Refinement Run on a Vertex-coloured Random Graph586

Let d be large enough. In what follows we assume that properties from Lemma 26 and587

Lemma 27 hold in Gn deterministically.588

Fix a partition [n] = V1 ⊔ . . . ⊔ Vk as in the statement of the theorem. Assign to every589

vertex x the colour C0(x) that equals the index of the set Vi to which x belongs. Let D be590

the diameter of Gn. Consider the output Ct of t := D + 1 rounds of CR at the coloured591

graph. We want to prove that C(u) ̸= C(v) for any two different vertices u, v ∈ [n].592

Fix two vertices u ̸= v. Assume Ct(u) = Ct(v). Then, for every neighbour x of v, there593

exists a neighbour y of u such that Ct−1(x) = Ct−1(y). More generally, we have the following.594

▷ Claim 28. Let r ∈ [t]. For every vertex a and every vertex b such that Ct−r(a) = Ct−r(b),595

and every neighbour x of a, there exists a neighbour y of b such that Ct−r−1(x) = Ct−r−1(y).596

Let r = ⌊logd−1(εn)⌋, where ε > 0 is a small enough constant. By Lemma 26, we have597

that598

|Sr(u) \ Br(v)| ≥
(

1 − 200c − 8 ln d

d
− 1

d − 2

)
d(d − 1)r−1

599
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>
d

(d − 1)2 εn

(
1 − 200c − 8 ln d

d
− 1

d − 2

)
>

ε

2d
· n.600

Due to Claim 28, for every vertex x ∈ S1(u)\B1(v), there exists a vertex f(x) ∈ B1(v) such601

that Ct−1(x) = Ct−1(f(x)). Next, for every vertex x ∈ S2(u)\B2(v), let π(x) ∈ S1(u)\B1(v)602

be one of its “parents”. We have that Ct−1(π(x)) = Ct−1(f(π(x)). Therefore, by Claim 28,603

there exists f(x) ∈ N(f(π(x))) ⊂ B2(v) such that Ct−2(x) = Ct−2(f(x)). We then define604

f : Br(u)\Br(v) → Br(v) by induction: for every 2 ≤ i ≤ r, assuming that f has been defined605

on Bi−1(u)\Bi−1(v), and for every x ∈ Si(u)\Bi(v), find its “parent” π(x) ∈ Si−1(u)\Bi−1(v)606

and take f(x) ∈ N(f(π(x)) such that Ct−i(x) = Ct−i(f(x)).607

Take U ⊂ Sr(u) \ Br(v) of size εn
2d and let U ′ := f(U) ⊂ Br(v). We have |U ′| ≤ |U |.608

Without loss of generality, we assume |U ′| = |U | (otherwise, we can extend U ′ arbitrarily609

to keep the two sets disjoint, and the argument below will still work). Note that Br(u) =610

Br−1(u) ∪ N(Sr−1(u)), that |Sr−1(u)| ≤ d(d − 1)r−2 ≤ d
(d−1)2 εn < 1.1ε n

d , and that U and611

Sr−1(u) are disjoint. The same facts hold for Br(v). In particular, |Sr−1(u)∪Sr−1(v)| < 3ε n
d .612

Therefore, by the conclusion of Lemma 27, we have that613

|N(U) \ (N(U ′) ∪ Br(u) ∪ Br(v))| > |N(U)| − 7
10 |N(U)| − |Br−1(u)| − |Br−1(v)|614

>
3
10(1 − 4 ln d/d − 100c)1

2εn − 2 d

d − 2(d − 1)r−1
615

> 0.14 · εn − 2 dεn

(d − 2)(d − 1) > 0.1 · εn.616

Let N be a subset of N(U) \ (N(U ′) ∪ Br(u) ∪ Br(v)) of size εn/10.617

We then extend f to N : Each vertex x ∈ N has f(x) ∈ N(U ′). Note that the set
X := [n] \ (Br(u) ∪ Br(v) ∪ N ∪ f(N )) has size at least

n − 2 d

d − 2(d − 1)r − εn

2d
· (2d) > n − 2 d

d − 2ε · n − ε · n ≥ n(1 − 4ε).

The set X is partitioned into k sets X = V ′
1 ⊔ . . . ⊔ V ′

k so that n( 1
3k − 4ε) ≤ |V ′

i | ≤ n · 3
k .618

Due to Claim 10, whp any set of size at most 3εn induces at most 1
100 εdn edges:(

n

3εn

)(
9ε2n2/2

1
100 εdn

)(
2d

n

) 1
100 εdn

≤
(( e

3ε

)300
(900eε)d

) 1
100 εn

= o(1),

since d is large and ε is small enough. In particular, we may assume that there are at most619

1
100 εdn edges between N and N ∪ f(N ) ∪ Br(u) ∪ Br(v). We get that there exists a subset620

N0 ⊂ N of size εn
50 such that each vertex in this set sends at least 3

4 d edges to X.621

Note that, for any vertex x ∈ N0, the equality Ct−r−1(x) = Ct−r−1(f(x)) implies622

C1(x) = C1(f(x)). Therefore, as soon as the sets Br(u), Br(v) are exposed, the set U is623

chosen, the sets N(U), N(U ′), N(N(U ′)) are exposed, and the set N0 is chosen, there should624

exist a function f defined as above, that identifies the values of |NV ′
j
(x)| for every x ∈ N0625

and j ∈ [k].626

Therefore, we run the following exploration process of the random graph. First, we expose
Br(u), Br(v) and then choose U ⊂ Sr(u)\Br(v) of size εn

2d arbitrarily. We then expose N(U),
N(U ′), and N(N(U ′)). We choose f on (Br(u) \ Br(v)) ∪ N in at most d2εn ways, since

|(Br(u) \ Br(v)) ∪ N | ≤ |Br(u)| + |N(U)| ≤ d

d − 2(d − 1)r + εn

2 ≤ d

d − 2εn + εn

2 < 2εn.

Finally, we choose any set N0 ⊂ N of size εn
50 such that each vertex in this set sends at least627

3
4 d edges to X.628
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By the Expander Mixing Lemma and Theorem 13, whp between any two disjoint sets of629

size at least n/(4k) and n/2, there are at least dn/(10k) edges, and every set of size at least630

n/2 induces at least dn/10 edges.631

Recall that every x ∈ N0 has a prescribed number of neighbours gj(x) in the set V ′
j . By632

the Expander Mixing Lemma and Theorem 13, whp the number of edges between any two633

disjoint sets U and V of sizes Θ(n) equals |U ||V |d(1±ε)/n. Therefore, for every set V ′
j , there634

exists a subset N ′
j ⊂ N0 of size εn/100 such that every x ∈ N ′

j has gj(x) ∈ [d/(10k), 10d/k].635

Let us estimate the probability that for every j ∈ [k], every vertex from N ′
j has gj(x)

neighbours in V ′
j . For every j, we order arbitrarily the vertices in N ′

j : xj
1, . . . , xj

t , where
t = εn/100. Let E be the event that, for every j ∈ [k], every xj

i has gj(xj
i ) neighbours in V ′

j .
Let hj

in ≥ dn/10 and hj
out ≥ dn/(10k) be integers such that

P

E ∧
k∧

j=1

{
|E(Gn[X \ V ′

j ]| = hj
in, |E(Gn[V ′

j × (X \ V ′
j )]| = hj

out

} is maximum.

Let Σ0 be the set of all d-regular graphs G on [n] satisfying E and such that, for all j ∈ [k],636

G[X \ V ′
j ] and G[V ′

j × (X \ V ′
j )] have exactly hj

in and hj
out edges, respectively4. The following637

claim completes the proof of Lemma 20 (its proof appears in the extended version of the638

paper [29]).639

▷ Claim 29. P(Gn ∈ Σ0) ≤ (k/d)εnk/500.640

Indeed, Claim 29 implies that P(E) ≤ (dn)2k(k/d)εnk/500. Therefore, by the union bound

P(Ct(u) = Ct(v)) ≤ d2εn(dn)2k(k/d)εnk/500 = e−Ω(kn)

when k is large enough and d ≫ k. The union bound over the choice of partition V1 ⊔ . . . ⊔ Vk641

and over all pairs of distinct vertices u, v completes the proof of Theorem 25.642
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